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ABSTRACT

Title of Dissertation: The Empirical Use of Continuous Variables in Bayesian Belief

Networks for Exploratory Data Analysis 

Ellis Judson Clarke, Doctor of Philosophy, 1998

Dissertation directed by: Dr. Timothy Finin, Professor, Computer Science

A general method, which does not require the previous selection of model 

parameters, is needed for exploratory data analysis of large medical databases. 

Bayesian Belief Networks (BBNs), from knowledge discovery techniques, can be used 

to model the conditional dependencies which may exist among study variables. BBNs 

graphically express these dependencies as directed arcs from one node, which 

represents a variable, to another node.

Most algorithms for BBN construction require all variables to have discrete 

values. Since much of the data from medical studies has continuous values, e.g., 

weight, reliable methods are needed to convert these variables into discrete ones. 

This is done by partitioning the range of continuous values into a relatively small 

number of intervals, with a discrete value representing each interval.

A new procedure, based upon a continuous variable’s information content, is 

presented here, which gives an optimal partitioning of the range of values. It is 

optimal in that both the information loss from the conversion and the number of 

intervals are minimized. Another new procedure dynamically repartitions the values 

of continuous variables during BBN construction, according to a Minimum

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Descriptive Length (MDL) measure.

These conversion procedures are used in conjunction with regression models, 

which are derived from continuous variables selected automatically by initial BBN 

models. The results of the regression models are used in subsequent BBNs to 

enhance the accuracy of the BBN model.

All of these procedures were tested on data from two medical studies. The 

resulting models, which are strongly influenced by the partitioning of the continuous 

variables, depict some of the original study findings, as well as some unexpected 

relationships between variables.
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1. INTRODUCTION

1.1 Thesis Statement

In order to develop a general method using BBNs for exploratory data analysis 

in large medical study databases with continuous measurements, the characteristics 

of the continuous variable frequency distributions will be empirically used to 

preprocess the data and to augment BBN construction. The following requirements 

will be met in this dissertation. The first two requirements are intended to simplify 

and to clarify the network structure for a given database. The last requirement may 

lead to a more complex network, but may also produce a better quantifiable model 

for some continuous variables.

1. An efficient new algorithm is presented to partition the value range of a 

continuous random variable. This algorithm uses the characteristics of the 

information content (entropy) of the continuous variable for the partitioning and 

does not require comparison with another variable, as do previous methods. Test 

results show that Bayesian Belief Networks (BBNs), constructed from continuous 

variables discretized by this algorithm, demonstrate stronger dependencies than 

comparable BBNs with equal interval partitioning.

2. The method used above for entropy based discretization is extended to 

dynamically repartition a continuous variable’s values in relation to another variable. 

An information theoretic metric, which guides BBN construction, is used to guide the 

repartitioning. BBNs constructed in this way show stronger, and more unexpected,

1
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2

dependencies among variables than those constructed with only entropy partitioning.

3. The statistical method of linear regression analysis is applied to continuous 

variables, selected by a BBN model, to try to find a linear combination of variables 

which more accurately predict a target variable. The continuous variables, resulting 

from this analysis, are partitioned and used to construct subsequent BBN models, as 

in the first requirement. This procedure is shown to enhance the BBN model by 

showing stronger dependencies and unexpected relationships between variables.

The developed methods will be tested upon data from the NGHS (NGHS et 

al., 1992) and from the DISC epidemiological studies (DISC et al., 1993), as described 

later. The results of the testing will be analyzed and discussed.

A continuous variable from the NGHS study is used to illustrate the first two 

requirements. The variable is the first year’s body mass index measurement. The 

original continuous frequency distribution is shown in Figure 1.1, accompanied by the 

discrete distribution resulting from binary equal interval partitioning. The split point 

for the partitioning is shown on the original distribution.

A better partitioning of the continuous distribution uses equal frequency 

intervals, which are quintiles in the example in Figure 1.2. The resulting uniform 

distribution is not representative of the original one.

The algorithm mentioned in the first requirement was used to partition the 

continuous distribution in Figure 1.3.Here, the intervals are of varying lengths and 

frequencies to minimize the information loss due to discretization. The discrete 

distribution, in Figure 1.3, gives a very good approximation of the original
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Figure 1.1 NGHS 1st Year Body Mass Index. Original distribution and binary equal interval partitioning.
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6

distribution.

In Figure 1.4, the first year’s body mass index has been dynamically 

repartitioned to better predict the value of the second year’s body mass index. This 

is a result of the procedure mentioned in the second requirement. In this case, two 

partitions have been merged to better represent the value range of the first variable 

in relation to the second one.

These examples are provided to give an intuitive introduction to the 

motivation for the first two requirements. A mapping of a continuous variable into 

discrete values should approximate the continuous frequency distribution with 

minimal loss of information.

1.2 Overview

This dissertation develops a general method for Exploratory Data Analysis 

(EDA) for medical studies, which provides a common scaling for all types of 

variables. The following chapters develop this theme, using Bayesian Belief Networks 

(BBNs), and emphasize methods to convert continuous variables to discrete ones. 

New methods for discretization of continuous variables, based upon information 

theory, are presented here.

This dissertation is divided into six chapters. The first is this introduction, with 

the thesis statement and overviews of Knowledge Discovery in Databases (KDD) and 

of BBNs.

The second chapter describes the motivation for the dissertation. This
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8

describes the problem of KDD in the context of EDA for medical studies. One of 

the major problems in this context is combining nominal, discrete, and continuous 

variables in the same model.

The third chapter describes methods for BBN construction. Two metrics used 

for heuristic search in the model construction are defined. The first is a Bayesian 

measure; the second is developed from information theory, which is briefly explained.

The fourth chapter presents increasingly complex methods to partition the 

value range of continuous variables into a relatively small number of intervals for 

discretization. The intervals are chosen through the BBN construction metrics used 

in the algorithm or through the information content (entropy) of the variables. The 

methods for partitioning of continuous variables according to their informatnn 

content are the main results of this dissertation. These methods are tested with data 

from two medical research studies, using Bayesian and information theoretic metrics 

for BBN construction, and the results compared and discussed.

The fifth chapter applies the statistical method of linear regression to find 

linear combinations of continuous independent variables to more accurately predict 

a dependent variable. This does not simplify the model, but may aid in better 

understanding the relationships between the variables. The regression equations, 

derived from BBNs constructed in Chapter 4, are used to create additional 

continuous variables to be used in subsequent BBN construction with the same 

datasets. The results are compared and discussed.

The final chapter reviews the results of the methods presented to augment
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9

1.3 Knowledge Discovery in Databases Overview

This section provides an overview of methods for knowledge discovery in 

databases(KDD). These methods are derived from machine learning techniques 

which were originally applied to data carefully selected for its meaningfulness and 

completeness. Databases are dynamic, incomplete, noisy, and much larger than 

machine learning data sets; therefore, most learning algorithms are ineffective when 

applied to very large data sets (Agrawal et al.,1993;Frawley et al.,1991;Matheus et 

al.,1993).KDD methods attempt to process large quantities of raw data, to identify 

"meaningful" patterns, and to present these patterns in an appropriate format 

(Matheus et al.,1993).

1.3.1 Machine Learning Background

The core of a KDD system is the method used to discover new patterns. Many 

of these methods are derived from machine learning techniques (Agrawal et al.,1993; 

Imam et al.,1993; Weiss & Indurkhya,1993). The methods can be divided into those 

for classification of known groupings and those for discovery of new groupings. Here, 

groupings, or clusters, are patterns which tend to be similar in the sense of Euclidian 

distance between attribute values or which have a high probability among numerous 

instances. Pattern classification implies a known class membership for a training 

instance. The problem consists of finding an accurate and concise definition of the
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class, preferably including rules contrasting one class from another (Agrawal et 

al., 1993;Bergadano, 1993; Han et al., 1993; Imam et al.,1993;Segre,1992; Uthurusamy 

et al., 1991; Yoon & Kerschberg,1993). The discovery of new groupings of data is 

empirical and data-driven (Frawley et al.,1991;Matheus et al., 1993;Pearl et al., 1989). 

Although empirical methods would seem to exclude the use of domain knowledge, 

domain knowledge may be used to provide a basis for the discovery of additional 

patterns.

All classification methods depend upon the final result of a rule being known, 

or labeled, initially, and the rules are constructed according to their accuracy and 

conciseness in constructing antecedent conditions for this known goal.

The discovery of new groupings, or clusters, depends upon calculating 

frequency distributions for a set of patterns, or combinations of attribute values. The 

frequency distributions are converted to conditional probabilities, which are used to 

calculate the "interestingness" of a pattern. Exact rules have a probability of 1.0. 

These rules may be described as functional dependencies in the database (Piatetsky- 

Shapiro, 1991; Savnik & Flach,1993). More commonly, rules are not exact, but may 

have a high probability in the set of instances being examined. The selection of only 

patterns with a high (conditional) probability, is a trivial method but may be 

computationally expensive. Applying an information content evaluation method to 

rules with a relatively high probability acts as a heuristic to constrain the search 

space and generate more accurate and concise rules (Smyth & Goodman, 1992).
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1.3.2 Rationale for Knowledge in Databases (KDD) Methods

The development of computationally intensive techniques that explore large 

databases is a major research challenge as both data volume and computing power 

continue to increase. If the huge amounts of data collected and organized into 

databases are to be useful, methods to extract general descriptions of groupings or

rules for heuristic application are required. However, standard statistical and

analytical methods are limited by the need for trained statisticians and domain

experts to apply the methods and to interpret the results (Matheus et al.,1993).

Knowledge discovery implies the extraction of previously unknown, not 

implicit, and useful nontrivial information from data (Frawley et al., 1991;Matheus 

et al.,1993).

Knowledge discovery exhibits a high level language for representation, 

accuracy for portraying the contents of a database, nontrivial interesting results for 

the user, and an efficient discovery process (Frawley et al., 1991). It is a form of 

machine learning which has been expanded and generalized to real world 

applications with an emphasis upon computationally efficient techniques.

Traditional statistical methods are usually not suited for nominative and 

structured data types. They are data driven and preclude the use of domain 

knowledge. The results of analysis can be difficult to interpret and require guidance 

of a skilled user to specify where and how to analyze data. Domain or background 

knowledge is used to guide and to constrain the search for interesting knowledge. Its 

use is controversial because the restriction of search can deliberately rule out a
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valuable discovery (Frawley et al.,1991).However, recent developments in application 

of Bayesian methods to knowledge discovery and representation have overcome some 

of these objections (Pearl et al.,1989).

The form of discovered knowledge can be categorized by the type of data 

patterns described. Discovered knowledge can also be categorized by its descriptive 

capacity. Quantitative discovery relates numeric fields using mathematical equations. 

Qualitative discovery finds a logical relationship between fields or attributes. Most 

current qualitative discovery methods include an uncertainty measure with the 

discovered patterns or rules in the form of a probability of the pattern or mle being 

found in the sample data set (or selected data from a database) (Frawley et al.,1991; 

Matheus et al.,1993). The research topic here emphasizes qualitative discovery 

methods, with a limited application of quantitative methods.

Another aspect of KDD is focusing the activities of the system upon a limited 

set of database attributes at a time. This is done to narrow the search space to 

attributes relevant only to a specific problem and to avoid computational 

intractability. Sometimes, a large random sample of instances is selected from a very 

large database to construct a manageable set of example instances (Frawley et al., 

1991; Matheus et al.,1993).

1.3.3 Need for Reasoning Under Uncertainty

The results of a KDD system are the newly discovered patterns in the data. 

Usually, these patterns are presented in the form of production rules, i.e.,IF [1 or
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more conditions are true] THEN [condition is true]. A measure of uncertainty is 

usually included in the rule, since few rules derived from real world data hold for 

every database instance (Piatetsky-Shapiro,1991). This measure is essentially the 

same as a conditional probability, i.e.,p(A=a| X =xand Y=y and Z =z and ...).The 

conditional probability does not imply a causal relationship between attributes. This 

leads to the problem of discovery of attribute dependencies, which require at least 

some domain knowledge to be available to the system. Conventional database 

functional dependencies, the constant relationship between one variable and others, 

have a probability of 1.0, since they are always true.

Discovered patterns should be accurate, novel, and useful. The evaluation of 

a pattern is usually based upon some quantitative measure of ’meaningfulness’ or 

’interestmgness’. This maybe the statistical significance of the conditional probability 

of a pattern (Imam et al.,1993; Piatetsky-Shapiro, 1991; Uthurusamy et al.,1991) or 

the information content, relative to what is already known, of a pattern (Agrawal et 

al.,1993;Matheus et al.,1993;Smyth & Goodman, 1992; Clarke & Waclawiw,1996). 

The increase in information content is based upon a comparison of the probability 

of an event with the probability of the same event given certain conditions. If the two 

probabilities are nearly the same, nothing has been learned by including the 

conditions to the pattern. In most KDD systems using this criteria, the best N 

patterns are returned, where N a cutoff number which is a parameter passed to the 

system (Agrawal et al.,1993).

Since many of the patterns found in KDD systems cannot be represented in

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



14

exact rules, a method for reasoning under uncertainty is needed. Most methods use 

some probability theory for representing the certainty (or uncertainty) of a pattern. 

Other methods for reasoning under uncertainty have been developed in artificial 

intelligence reasoning techniques, e.g.,certainty factors (Buchanan &Shordiffe,1985), 

Dempster-Schafer theory (Schafer, 1976), and fuzzy logic (Zadeh, 1983). All of these 

methods start with an approximation of probability and most do not have the large 

body of theoretic development which underpins probability theory. In KDD 

applications, probability can be regarded as a generalization of predicate calculus, 

where the truth value of a formula is generalized to a value between 1 and 0, instead 

only 1 or 0 (Cheeseman,1985).

A major problem with probabilistic rules is the lack of a sound basis for 

chaining non-exact rules in reasoning. The conditional probabilities must be 

recalculated with each new rule using all of the antecedent conditions of previous 

rules in the chain. This quickly reduces the probability of the result to near 0. 

Bayesian belief networks, a knowledge representation method using directed acyclic 

graphs, have been developed to cope with this problem.

1.4 Bayesian Belief Networks (BBN)

An effective way of dealing with very large databases is to summarize the data 

by knowledge that preserves lasting relationships and ignores passing details. 

Probability theory has met with great difficulty in practical applications due to the 

large number of parameters needed for specification, the complexity of the reasoning
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process, and the numerical character of the interface (Yoon & Kerschberg,1993).

1.4.1 Basic Structure

Bayesian networks provide graphical means for representing and manipulating 

probabilistic knowledge, which may overcome many of the conceptual and 

computational difficulties of earlier knowledge based systems. These networks can 

be used to discover dependency relationships in raw statistical data. A probabilistic 

account of causation based on minimal-model semantics has been developed. In this 

semantics, a variable X is said to have a causal influence on variable Y if there is a 

directed path from X to Y in all non-redundant networks consistent with the data 

(Pearl & Verma,1987; Piatetsky-Shapiro,1991).

In (Pearl & Verma,1987; Pearl, 1988), a Bayesian method is presented for 

constructing a probabilistic network from a database of records. The network can 

provide insight into the probabilistic dependencies that exist among the variables in 

a database. The computer program searches for a network structure that has a high 

posterior probability given the database, and outputs its structure and its probability. 

A Bayesian belief structure is a directed acyclic graph (DAG) in which nodes 

represent domain variables and arcs between nodes represent probabilistic 

dependencies. Variables may be continuous or discrete. The representation of 

conditional dependencies and independencies is an essential function of a belief 

network. The belief structure is augmented by conditional probabilities to form a 

Bayesian belief network. For each node in a belief network, there is a conditional-
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probability function that relates this node to its immediate predecessors (parents).

The probability of any sample point in the discrete sample space can be 

computed from the probabilities in the belief network. Independence and 

dependence among events are explicitly represented. The joint probability of any 

particular instantiation of all variables in a belief network can be easily calculated. 

In this way, the joint probability of any instantiation of all the variables in a belief 

network can be computed as the product of only n probabilities, where n is the 

number of variables. Any probability of the form P(W| V) (probability of W given V), 

where W and V are sets of variables with known values (instantiated variables), can 

be determined (Pearl & Verma,1987; Pearl, 1988; Neapolitan, 1990; Piatetsky- 

Shapiro,1991).

This Bayesian approach admits conceptually simple and theoretically sound 

methods for handling missing data and hidden variables (a postulated entity about 

which there is no data, as in a hidden causal factor). However, a major problem is 

determining the causality relationships between attributes.

1.4.2 Representation in a Directed Acyclic Graphs (DAG)

A simple BBN can be represented as a tree with a root node (variable), with 

each successive node (variable) being descended from it in a chain of conditional 

dependencies. Each node may have only one parent, although it may have more than 

one child. The arcs indicating dependency are always directed away from the root.

A singly connected DAG is formed of a collection of trees where a node may
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have more than one parent. However, there may be only one directed path from any 

one node to another. This allows more complex representations of variable 

interactions, while still having a straight forward method for propagating changes in 

conditional probabilities from instantiation of one or more variables (Pearl, 1988; 

Neapolitan, 1990).

A multiply connected DAG has more than one path between at least two 

nodes. This means that there is a loop in the underlying nondirected graph of the 

BBN. There are several methods for propagating changes in probabilities, such as 

clustering two or more nodes to form a singly connected network, or forming several 

BBNs by instantiating a loop cutset or modifying the graph structure by adding 

undirected arcs to form trees of cliques of nodes (Pearl, 1988; Lauritzen & 

Spielgelhalter,1988). However, each of these methods requires modifying the initial 

BBN structure to create one or more singly connected DAGs.

1.4.3 Methods for Creating/Finding a BBN Structure

Most methods for learning BBN structures from data have a scoring measure 

to determine the most probable network structure and a search procedure to find a 

set of network structures to compare. The scoring measure computes a score for each 

structure which is proportional to the structure’s posterior probability, given the data 

and, perhaps, some domain knowledge. The search procedure generates network 

structures for comparison (Heckerman et al., 1994;Bouckaert, 1994).

Pearl describes an algorithm to learn a BBN structure from a singly connected
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tree, which is constructed using a maximum shared information metric between two 

variables, based upon joint probabilities (Pearl, 1988). This algorithm assigns direction 

to arcs based upon conditional independence tests among a set of 3 adjacent nodes. 

The result may be a single DAG structure or may be a hybrid graph. In a later 

algorithm (Inductive Causation Algorithm) (Pearl & Verma,1991), the network 

structure is constructed an arc at a time by testing for conditional independencies 

between nodes. The arcs become directed by further conditional dependency tests 

between sets of 3 nodes. Again, the resulting network may be a DAG or a hybrid 

graph.

An algorithm named Kutato (Herskovits & Cooper, 1991), adds an arc between 

initially independent nodes which minimizes the entropy, or uncertainty , of the 

current network. This process is continued until an entropy-based threshold is 

reached. A further development of this algorithm, named K2 (Cooper & 

Herskovits, 1992), finds the most probable set of parents for each node from those 

nodes preceding the current one in an ordered list of nodes. A Bayesian measure is 

used which is proportional to the probability of the BBN structure given a database.

Several algorithms have been developed using the Minimum Descriptive 

Length (MDL) (Rissanen,1986; Rissanen, 1987) as a scoring measure (Lam & 

Bacchus, 1994; Suzuki, 1993; Wen, 1990). The MDL principle chooses a data model 

that minimizes the stun of the length of the encoding of the data model and the 

length of the encoding of the data given the model. These encodings are in bits.

The length of a BBN model is a function based upon the number of parents
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of each node in a model and the number of possible instantiations of the values of 

a node and its parents. An algorithm based upon the MDL measure is biased 

towards simpler network structures using variables (nodes) with fewer possible values.

Bouckaert (1994) has argued that BBNs constructed with a MDL metric for 

structure selection are more accurate than those constructed with a Bayesian metric. 

This is due to the sensitivity of the Bayesian metrics to coincidental correlations. This 

result seems to be analogous to the greater accuracy of simpler classification decision 

trees over more specialized ones.

Another approach to construct BBNs relies upon the similarities between 

BBNs and neural networks. Both are represented graphically by nodes connected by 

directed arcs. The strength of weights between nodes in neural networks is analogous 

to the conditional probabilities between parent and child nodes in BBNs. However, 

in most neural network algorithms, the basic network structure is given, although 

additional nodes can be created for new classifications in unsupervised learning 

algorithms.

One neural network method for learning BBN structure is based upon the 

"Boltzmann machine" structure (Neal, 1992). A Boltzmann machine consists of a fixed 

number of two-valued nodes linked by symmetrical connections between all nodes. 

It can model conditional probability distributions as the connection weights between 

nodes approach their limits of either one or zero (deterministic connection or no 

connection). The connection weights are determined by a function related to the 

distribution between variable values in a data set or in a sampling of the data set.
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Another neural network method for learning BBN structure is developed for 

learning bipartite networks and then extended to more general network structures 

(Peng & Jiang, 1994). Each causal link between nodes is represented by a single 

probability (causal strength), which measures the strength of the parent node to cause 

the child. The strength of a connection between two nodes (variables) is modified 

according to changes in the learned causal strength between the nodes. Again, 

connections between nodes are determined as the probability distributions between 

them approach either one or zero. This method allows incremental learning of the 

network structure when new data is introduced. To decrease the computational 

complexity of this method, all root nodes are initially identified and an ordering is 

imposed upon non-root nodes.

Here, a modified version of the K2 algorithm (cooper & Herskovits, 1992) is 

used to construct BBNs with discrete and continuous variables.
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2. NEED FOR GENERAL METHODS FOR EXPLORATORY DATA 

ANALYSIS

The following chapter describes the need for exploratory data analysis in the 

domain of large clinical trial and epidemiological databases. The limitations of 

accepted statistical methods for this are also explored.

2.1 Under-explored Relationships in Large Study Databases

In many large medical study databases, some measurements are collected 

which may not be directly related to the main study hypothesis. This is done since 

research studies are expensive to conduct and the collection of data of secondary 

interest, while the subjects are available, may not substantially increase the cost. Also, 

many studies include a large number of independent cases or subjects. These subjects 

may be measured repeatedly over several years, which brings a longitudinal 

dimension to the study database.

There is a need to develop methods for exploratory data analysis which are 

easy to use and easy to understand. In describing approximate models of longitudinal 

data, some graphical representation of the models would be appropriate.

2.2 NHLBI Growth and Health Study (NGHS) Study

The NHLBI Growth and Health Study database is an example of a large 

epidemiological study database with repeated measurements of the same subjects

21
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over 5 years (NGHS et al.,1992). It is a cohort study designed to assess factors 

associated with the onset and development of obesity in Black and White girls and 

with obesity’s effects on major cardiovascular illness. However, to date, few cross

discipline analyses have been done. An exploratory data analysis approach to 

construct models for testing different hypotheses concerning interactions of various 

measurements over time would greatly facilitate cross-discipline analyses. Major 

limitations to statistical model construction with many variables are the different 

types of measurements, which use cardinal, ordinal, interval, or ratio scaling.

Measurements in the NGHS study usually have continuous values, such as 

body mass index, a measure of obesity defined as weight (kg)/ height (m)2, or blood 

pressure. Since the study starts with preadolescent subjects and follows them over five 

years, maturation stage is another important variable. The major classification 

variable in NGHS is race. Body mass index and blood pressure have ratio scaling 

(continuous variables). Maturation stage has ordinal scaling, while race is nominal; 

both are discrete variables.

Various standardized tests for measuring psychological and sociological 

attributes were administered over the five years. These attributes include scales of 

self worth, etc. Individual questions usually have ordinal scaling.

As would be expected in a study of obesity, various measurements of diet were 

also taken. One of these is the average total caloric intake per day (over a 3 day 

period), a continuous variable.
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2.3 Dietary Intervention Study in Children (DISC)

The Dietary Intervention Study in Children (DISC) database is another 

example of repeated measurements of the same subjects over an extended period of 

time (5 years) (DISC et al.,1993).The study was designed to assess the efficacy and 

safety of a lipid-lowering diet in 8 to 10 year-old children with moderately elevated 

low-density-lipoprotein cholesterol levels. An exploratory data analysis approach with 

study data could demonstrate unexpected relationships between a variety of study 

variables over time.

Most of the measurements in DISC have continuous values. These can be 

measurements of chemicals in the blood, such as total cholesterol, high-density 

lipoproteins, and triglycerides, or anthropometric measurements, such as body mass 

index and blood pressure. All of these measurements have ratio scaling.

Discrete variables, such as gender and treatment, have nominal scaling. A 

general activity level index has ordinal scaling.

2.4 Need to Use Domain Knowledge

In EDA, any known relationships between measurements should be included 

in hypothetical data models. The inclusion of these relationships both increases the 

accuracy of the model and allows the model to be constructed with some proven 

parts. In the simplest case, the model could be constructed by hypothesizing about 

the relationships between known clusters of related measurements. For example, any 

relationship between anthropometric measurements in NGHS should include known
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2.5 Limitations to Normal Methods of Statistical Analysis

There are several limitations to the use of normal statistical methods for 

EDA. Most of these limitations stem from the need for certain assumptions to be 

made about the structure of a model or about the parameters of the distribution of 

the measurement values.

2.5.1 Need for Definition of an End Point or Outcome

In rigorous statistical analyses, an end point or outcome needs to be defined. 

An endpoint may be the subject’s vital status a year after treatment, while an 

outcome may be the subject’s body mass index at age 18. Establishing the 

relationship of all relevant data to an end point is similar to the classification 

problem in artificial intelligence. In both methods, certain measurement ranges are 

used to characterize a specific value of a single measurement or result.

In NGHS data, there are outcomes, but no general specific classifications or 

end points. Groupings of variables must be discovered and classified. Even obesity 

has no specific body mass index range, since classifying the highest 10% of the cases 

as obese is obvious but extending the range to the highest 25% is questionable.

In DISC data, the outcome measurement was low-density lipoprotein 

cholesterol level three and five years after initial treatment. The initial treatment was 

an intensive education of children and their parents on following a low-fat diet. A
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statistically significant difference in this measurement between treatment groups was 

the criteria for the study outcome. However, many other measurements were 

periodically collected, which could show interactions among themselves and with the 

main outcome.

2.5.2 Limitations of Correlation and Regression for EDA

Correlation and regression methods are often used to identify relationships 

between measurements with continuous values, with non-parametric correlation, log- 

linear models, and logistic regression being done for each categorical variable. 

Correlation can be used to search for relationships in large databases, but it can 

easily be affected by extreme values. Regression analyses are used to investigate the 

effect of a few predictor variables on an outcome variable. All of these variables are 

previously selected through some dependency hypothesis. Therefore, it is not useful 

for investigating large numbers of variables.

Generally, one variable is defined as the dependent one and other variables 

are assumed to be independent. This makes many initial assumptions, which may not 

be correct, about any model being tested.

2.5.3 Need to Assume Specific Model for Interactions

It is not possible to identify interactions among several variables without 

assuming a specific model. The variable types limit the methods used for checking. 

For example, the interaction between race, maturation stage, and average daily
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caloric intake cannot be easily combined in one analysis for a model. The assumption 

of a specific model provides a rigorous test of an hypothesis, but there is no ability 

to easily generate alternate plausible models of the data.

In testing interactions among several variables, one model may show 

interactions while another one does not, depending on the other variables in the 

model and the implicit assumptions governing each model. Tests between models, 

of how well the model fits the data, include the r-square statistic and the likelihood 

ration test.

These methods described require the construction and testing of many 

different models, which requires advanced statistical training. For EDA, model 

generation and the selection of the most probable model should be done 

automatically. The resulting model can than be rigorously analyzed.

2.6 Possible Limited Measurement Range for Interaction

Some variables may have only an additive effect with other variables in the 

outcome for some range of values, but may have a great effect in another range. An 

example of this phenomenon in NGHS is the interaction of maturation stage and 

race on body mass index, which is not apparent at an early age but increases at later 

ages.

2.7 Discretizing Continuous Variables

Often, a continuous variable has a normal, or Gaussian, frequency distribution.
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The characteristics of the normal distribution are well understood and a unified 

heuristic method for finding a BBN structure with both discrete variables and 

continuous variables with a Gaussian distribution is described by Heckerman and 

Geiger (1995). This method requires the mean and variance of each continuous 

variable’s values to parameterize the distribution.

The underlying frequency distribution cannot always be assumed to have a 

normal form. An example is shown in Figure 2.1, where the distribution is 

approximately bimodal. In this example, the choice of the number and length of 

partitions to represent the distribution of body mass index is obviously not the same 

as when body mass index has a normal distribution.

2.8 Finding Linear Combinations of Relevant Variables for Prediction

Statistical regression, a method for finding linear combinations of independent 

variables to predict the value of a dependent variable, assumes all of the independent 

variables are relevant to the prediction. Other statistical methods, such as principal 

components analysis and canonical analysis, do not make this assumption and are 

used to find the most relevant variables for prediction of another variable or set of 

variables. However, these methods must first test every possible combination of 

values between the two sets; this has a computational complexity which is exponential 

in the number of variables.
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2.9 Summary

There exits a need for a general method for exploratory data analysis, which 

can consider the possible relationships between many variables of different scaling 

types. To make the method applicable to all types of scaling, a procedure is needed 

to accurately map the range of a continuous variable into discrete partitions. In large 

epidemiological study databases, many variables are collected which may interact 

with the study outcome but are not part of the initial study model. Also, the method, 

while statistically correct, should not be constrained by the requirements of specific 

statistical tests or frequency distributions.
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3. A GENERAL METHOD FOR EXPLORATORY DATA ANALYSIS USING 

BAYESIAN BELIEF NETWORKS

3.1 Introduction

In the course of conducting clinical trials or epidemiological studies, a large 

amount of data may be collected. Often, exploratory data analysis is done to get an 

indication of the interactions of many study variables. This process is not an 

exhaustive data analysis, but allows the construction of a model of the interactions 

between study variables to guide further analysis.

An easily understood and increasingly popular model is a Bayesian Belief 

Network (BBN), which represents study variables and their conditional dependencies 

as nodes in a graph connected by directed arcs (Pearl, 1988). A node, or variable, is 

conditionally dependent upon its parent nodes, i.e., other variables, given the 

database used for the exploratory data analysis. This model partitions the joint 

probability distribution over all of the variables investigated into a set of conditional 

probabilities, as in (3.1).

n
. . . , x n) = P { x i  ! n  Xj) ( 3 . 1 )

i« 1

where 7^ are the parents of variable Xj.

Since these relationships between the variables are unknown or uncertain, a 

method is needed to construct the network using only the available data. One widely 

used method applies the K2 algorithm of Cooper and Herskovits (1992). This

30
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algorithm uses a greedy search method to find a set of parents for each node, which 

indicates conditional dependencies, given an ordered list of variables or nodes. A 

node’s parents must precede it in the list.

This algorithm, and many similar ones (Spirtes & Meek, 1995; Lam & 

Bacchus, 1994; Bouckaert,1994), require all of the variables to have discrete values. 

Continuous variables can be transformed into discrete ones by partitioning the range 

of values into intervals of equal case frequencies, e.g., quartiles (Clarke & 

Barton, 1996), or into equal interval lengths. However, partitions of equal case 

frequencies are represented as a uniform distribution of variable values in the BBN 

node, which may not be representative of the underlying continuous frequency 

distribution of the variable values. Also, the decision for the number of partitions 

chosen, also a question with equal interval representation, is often done without an 

examination of the underlying frequency distribution of values.

A heuristic method to find the number of equal length partitions, which 

provides a good mapping of continuous variables to discrete ones for constructing a 

BBN, is described in chapter 4. Its results are compared with heuristic methods used 

to find varying length partitions. This method uses either the K2 metric (Cooper & 

Herskovits, 1992) or the Minimum Descriptive Length (MDL) metric 

(Bouckaert, 1994) to select the number of partitions, which best approximates the 

underlying probability distribution of a continuously valued variable, to be used in 

constructing a BBN.
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3.2 Modified K2 Algorithm

The original K2 algorithm, proposed by Cooper and Herskovits (1992), uses 

a Bayesian measure to pick the most probable parents of each discrete variable from 

the variable’s predecessors in a completely ordered list. Each variable is represented 

by a node in the BBN.

The input to the algorithm is composed of the completely ordered list of 

variables, an upper bound on the number of parents of a node, and a database of 

cases. The output is a list of the parents for each node, which is chosen according to 

the K2 metric described below.

The total ordering of the variables is usually based on domain knowledge. 

Parents of a node must precede it in the order. For each node, except the first in the 

list, it and its parents form a localized BBN with the set of probability parameters 

given by P(x; | tt̂ ), as in (3.1). A greedy search is performed to find the set of parent 

nodes, one at a time, which maximizes the K2 metric for the local network.

The basic algorithm used here is essentially the same as K2, but with two 

modifications. First, a partially ordered list of variables is used. This ordering is 

based upon a temporal ordering of measurement variables, with measurements taken 

at the same time placed at the same level in the ordering. Only nodes from preceding 

levels can be considered as parents of a particular node.

The second modification is the discretization of continuous nodes (variables) 

during the search for the parents of each node. This discretization is done to find the 

best partitioning of a continuous node’s value range. The partitions result in discrete
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values, which may maximize the evaluation metric for this node as a parent. This 

partitioning is done in relation to the child node and its current set of parents.

3.3 Description of the K2 Bayesian Metric

The metric used for the K2 algorithm by Cooper and Herskovits (1992), is 

based upon the theorem, proven by them, describing the joint probability of a BBN 

structure, Bs, given a database, D. The theorem is:

pus..D) -piB.) n n (-jj- \  ~“ I,, n <3-2>
i - l  j - 1  J-l •

where i refers to the ith variable ( X j ) ,  

n is the number of variables,

q; is the set of instantiations the parents, i t ,j ,  of variable Xj can have,

Tj is the set of values variable Xj can have,

Nijk is the number of cases with the kth of the r; values of Xj and the 

jth of the q; combination of values of the parents of Xj, and

ri
= E •

iC«l

This theorem is based upon four assumptions: (1) all variables have discrete values; 

(2) database cases occur independently; (3) there are no missing values; and (4) the 

prior probabilities of all database structures are uniform. The proof of this theorem 

uses the Dirichlet distribution, which describes a probability distribution of 

probability distributions.
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The K2 metric, which is derived from (3.2), is used to find a maximally 

probable set of parents of a variable, based upon the set of conditional probabilities 

for this structure found from the given data. The metric is:

This is used by the K2 algorithm in a greedy search to find the set of parents of a 

variable which maximizes the metric’s value. Its value is approximately proportional 

to the probability of each conditional probability distribution, for a node and its 

parents, in a Dirichlet distribution. The metric value for a node is initialized for the 

variable by itself, independent of other variables. This is used as a starting point for 

the discretizing of continuous variables here.

The K2 metric, given a uniform probability distribution on a variable, gives 

a greater value for a smaller number of partitions (rf in (3.2) and (3.3)) than for 

more partitions. As the number of partitions decreases, the II Njjlc! increases at a 

faster rate than the (N^ +  r; - 1)! term. This results in a higher metric score for fewer 

partitions of a uniform distribution. In general, the K2 metric favors fewer partitions 

of a variable, given the same data.

3.4 Description of Minimum Descriptive Length (MDL) Metric

3.4.1 Rationale for Using MDL Encoding of a BBN

The MDL (Rissanen, 1986; Rissanen,1987) encoding of a BBN combines a 

measure of the underlying probability distributions of the data sample with a measure

( 3 . 3 )
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of the network complexity. Both of these measures are proportional to the 

information content of the BBN, in bits. The minimum of the sum of these measures 

describes a BBN which closely models the underlying data but is not excessively 

complex. Smaller conditional dependencies between variables, as described in the 

previous section, will usually not be represented in a BBN induced from the data 

using the MDL encoding.

The MDL measure of a BBN maximizes the probability of the network 

structure while minimizing the network complexity. It makes a tradeoff between 

extreme accuracy, which may be specific to the data sample used for construction, 

and the BBN model usefulness. The MDL measure minim izes the sum of the 

encoding lengths, in bits, of both the data and the BBN model. However, finding the 

network which exactly minimizes these two sums is computationally intractable. 

Therefore, search heuristics are used which find a low, but not necessarily m inim um , 

MDL encoding. The problem is reduced to using measures that are proportional to 

the MDL encoding instead of measuring the absolute value of the encoding.

3.4.2Information Theory Background

An overview of some information theory measures is given here to provide the 

basis for the development of the MDL metric and other techniques in the following 

sections and chapters.

A basic concept is entropy, which is a measure of the uncertainty of a random 

variable (Cover & Thomas, 1991) and is expressed using probability. The entropy of
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a discrete random variable X is defined by

H( X)  = - ^ 2 x e X  P ( x )  l o g 2 p ( x )  ( 3 . 4 )

where the summation is over all o f  the values o f  X .

Entropy can also be viewed as a measure of the information content of a variable. 

The greater the number of values a variable can have, the more information is 

gained by knowing its value in an instance. If  the variable has only one value (a

constant), there is no uncertainty and its entropy is 0 (p(X) =  1, log2 1 = 0). Also,

entropy is always non-negative (H(X) > 0).

The following definitions and theorems are from Cover and Thomas (1991). 

The joint entropy H(X,Y) of a pair of discrete random variables (X,Y) with 

joint distribution p(x,y) is defined as

H( Y , X )  = -  Y , x € X  E y e r  P ^ . y )  l o g 2 p ( x , y )  ( 3 . 5 )

The conditional entropy H(Y|X) of discrete random variables (X,Y) with joint 

distribution p(x,y) is defined as

H( Y\ X)  P ( X )  H( Y\ X= x )

=  "  E x e x  P ( X )  £ y 6 r  p ( y lx )  l o g 2 p (v\^

= ~ I 2 x e x E y e r  l o g 2 p ( y | x )  ( 3 . 6 )

This measure is used in the MDL metric defined below.

Theorem 3.1 (Cover & Thomas, 1991): (Chain rule):
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H( X ' Y )  = H(X)  + H( Y\ X)  ( 3 . 7 )

This states that the joint entropy of variables (X,Y) is the sum of the entropy of X 

and the conditional entropy of Y given X.

Another useful measure is the mutual information between two discrete 

random variables (X,Y). This is defined as

= E . e r  p u f 'j ^ ) - (3-8»

This can also be defined as the difference between the entropy of a single variable 

and its conditioned entropy:

I (X;  Y) = H(X)  -  H( X\ Y)  ( 3 . 9 )

The mutual information I(X;Y) is the reduction in the uncertainty of X due to the

knowledge of Y. Mutual information is symmetric, i.e.,

I  (X;  Y) = H( Y)  -  H( Y\ X)  ( 3 . 1 0 )

The following equations summarize the relationship between mutual information and 

entropy.

I ( X ; Y )  = I  ( Y; X)  ( 3 . 1 1 )

I  (X;  Y) = H(X)  + H( Y)  -  H ( X , Y ) ( 3 . 1 2 )

I ( X ; X )  = H(X)  -  H( X\ X)  = H( X)  ( 3 . 1 3 )
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Theorem 3.2 (Cover & Thomas, 1991): (Chain rule for entropy): Let Xt, X2, 

...,Xn drawn according to p(x1? . . . j Q .  Then

n

H i X ^ X z , . . . , X a) = £  H iX t lX i ,X1) (3.14)
i  -  1

This equation is similar to 3.1 above, as would be expected.

3.4.3Encoding for Length of a BBN Model

To represent a particular BBN, the following information is necessary and 

sufficient:

- a list of parents of each node;

- the set of conditional probabilities associated with each node.

The descriptive length needed to encode these items is L(BS,D), where Bs is 

a BBN structure and D is the database. It is defined by Bouckaert (1994) as

L (Bs , D) = l o g 2 P ( BS) -  N'H(BS, D) -  k  l o g 2 W ( 3 . 1 5 )
A

where N is the number of cases, as in (3.2),

H(BS,D) is the mutual information between a node and its parents over 

all nodes,

and k is the cost of encoding the table of conditional probabilities 

between a node and its parents.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



39

H(B S,D) is defined as

n I t  r±

E E E <3-16>
where i refers to the ith variable (Xj), 

n is the number of variables,

q; is the set of values the parents of variable jq can have,

Tj is the set of values variable X; can have,

N jjlc is the number of cases with the kth value of Xj and the jth 

combination of values of the parents of Xj, and

ri
Nu  = £  ■

Jc»l

as in (3.2).

H(B S,D) increases as arcs are added to a network structure, since q; increases with 

each parent node, indicated by an arc.

The k value is defined as

E <ri - IL^n, r3 <3'171i  » 1 3 1

This term increases when arcs are added, since more conditional probabilities are

needed for each parent node (Xj e 71-).

The descriptive length equation (3.15) shows that highly connected networks 

will require longer encodings. Therefore, the MDL principle will tend to favor

networks in which the nodes have a smaller number of parents (less connected) and
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in which nodes taking on a large number of values are not parents of nodes that also 

have a large number of values. This encoding scheme generates a preference for 

more efficient networks. Since the encoding length of a model is included in the 

descriptive length, a preference for networks that require the storage of fewer 

probability parameters is enforced.

The a priori probability of a network structure, PCBj), is assumed to be equal 

to any other one when there is no prior information, so it is dropped from the metric. 

The K2 Bayesian metric makes the same assumption.

The MDL measure defined above (3.15) is similar to the one defined by Lam 

and Bacchus (1994). However, their algorithm searches a separate space (of possible 

BBN structures) for each network with the same number of connected nodes to find 

a BBN structure.

The final MDL metric used by Bouckaert (1994), for finding the local network 

of a single node and its parents, is reduced to

<lL Zl N  ■ ■ ijn(ifn i) = S  E  NUk 1o52 - -=• -  1) log2 N (3.18)
j  -  l  k  -  l  i j

This is derived from equation 3.15.The first term of 3.15 is dropped because P ^ ^

is assumed to be equal for all networks, as mentioned above. The first group of terms

(in 3.18) is the conditional entropy between a node and its parents. This is derived 

from the second group of terms in 3.15. The N in these terms does not change, so 

it is dropped. The conditional entropy, for a node and its parents, is proportional to 

the joint entropy, since H(Xf) does not change (from Theorem 3.1). The second
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group is the number of bits needed to encode the conditional probability table for 

the node, which is a restatement of 3.17. The metric is m axim ized in the heuristic 

search, since the usual negation in conditional entropy is reversed.

This metric used by Lam and Bacchus (1994) is based upon the mutual 

information between a node and its parents in a network (Chow & Liu, 1968). Since 

mutual information can be defined as I(X;Y) = H(X) - H(X | Y) and H(X) does not 

change, the negated conditional entropy -H(X |Y) is proportional to I(X;Y).

3.5 Summary

A generalized method for EDA, which uses BBNs, was proposed in this 

chapter. A modification of the K2 algorithm of Cooper and Herskovits (1992), 

applying either the K2 Bayesian metric or MDL metric, is to be used to construct 

BBNs for EDA. Since this algorithm works only with discrete variable values, several 

methods for discretizing continuous variables are necessary for a general method for 

EDA. The comparison of these metrics and development of discretization methods, 

with epidemiological study data, is presented in Chapter 4. Application of 

multivariate regression with continuous variables, in conjunction with BBNs, is 

presented in Chapter 5.
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4. DISCRETIZATION OF CONTINUOUS VARIABLES FOR BAYESIAN 

BELIEF NETWORKS

Methods for repartitioning a continuous variable, both before and during BBN 

construction, are described in this chapter. After a review of previous methods, 

techniques for equal interval discretization are developed to provide bases for 

comparison for the new methods presented here. The first of these methods 

partitions the range of a continuous variable according to its information content, or 

entropy. A procedure to find the best balance between the information loss and a 

low number of partitions is presented. This procedure is extended for the dynamic 

discretization of continuous variables during BBN construction. These procedures are 

previously unpublished and represent a new contribution to machine learning and to 

BBN construction methods. Experimental results, using data from both the NGHS 

and DISC studies, for both the K2 and MDL metrics are presented.

4.1 Previous Methods for Discretization of Continuous Variables for Classification 

A number of methods have been used to partition values of a continuous 

variable into intervals, which can be used as discrete values to represent the variable. 

The most familiar ones create partitions of k equal lengths (equal intervals) or with 

k percent of the total data (equal frequencies). In each case, k is chosen to provide 

a manageable number of discrete values, which give a fair approximation of the 

continuous frequency distribution. However, these methods may over-partition the

42
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distribution, split relevant groupings, or combine separate groupings of values.

Most methods used for discretizing a continuous variable use its relationship 

to another variable to determine the partitions. This is often found in classification 

procedures, such as decision trees (Fayyad & Irani, 1993; Pfahringer,1995; Liu & 

Setiono,1995; Dougherty et al., 1995; Hong, 1997) and in naive Bayesian classifiers 

(Pazzani,1995; Friedman & Goldszmidt,1996).

An entropy based method, proposed by Fayyad and Irani (1993), chooses the 

partitioning point(s) in a sorted set of continuous values to minimize the joint 

entropy (H(X,Y)) of the continuous variable and the classification variable. This is 

applied to the creation of decision tree structures for classification by recursively 

finding more partitioning points (top-down discretization). The method is expanded 

to minimize a MDL metric to choose the partitioning points.

Another MDL based method for discretization is described by Pfahringer 

(1995). A set of the best partitioning points is determined by recursively partitioning 

the sorted variable values to a depth D (2° -1 partitions) in a binary tree. Then the 

MDL metric is used in a best-first search in this set to determine the best partitions 

for decision tree classification.

A method that merges adjacent partitions of sorted variable values, according 

to the x2 statistical test, is described by Liu and Setiono (1995). The variable values 

are sorted and initially partitioned into at most N intervals. The intervals are first 

recursively merged according to the lowest x2 value until a significance level of .05 

is reached for each partition. The intervals are further merged until a preset error
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rate with the classification variable is reached. If there is only one resulting interval, 

the variable is not relevant to the classification problem and is dropped. This method 

combines the discretization of continuous variables with feature selection for 

classification.

Dougherty et al. (1995) compared several discretization techniques with 

decision trees and with naive Bayesian classifiers. They found that a MDL metric, 

similar to that used by Fayyad and Irani (1993), provided slightly better classifications 

in both methods.

A metric for discretization, based upon a variable’s classification in relation 

to other variables, is described by Hong (1997). This metric is based upon a K - 

nearest neighbor clustering technique and is used to generate decision trees. An 

interesting feature of this method is that it returns an optimal number of partitions 

according to the metric. This is done by finding the ’knee’ of the plotted curve of the 

score as a function of the number of partitions. The plot is a concave function of the 

metric; the ’knee’ is the point on the plot where the changes in the number of 

variable values (X-axis) become greater than the changes in the metric value (Y- 

axis). This feature, of a concave plot, is applied in the information theoretic 

discretization methods developed later in this dissertation.

Subramonian et al. (1997), describe a visual framework for interactive 

discretization for decision tree classification. A user can choose between several 

algorithms and metrics for a classification problem, instead of being limited to one 

method and metric. The choice of metrics includes cross-entropy and the L-l norm
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between two distributions.

Pazzani (1995) describes a technique for iterative discretization of continuous 

variables for naive Bayesian classifiers. Each continuous variable is initially divided 

into five partitions. For each variable, two partitions are then merged or a partition 

is divided into two partitions to find a lower classification error. This procedure is 

repeated for each continuous variable until the error rate can no longer be reduced.

Another method for constructing naive Bayesian classifiers using a MDL 

metric is presented by Friedman and Goldszmidt (1996). This method begins by 

finding the best initial partition of a continuous variable by dividing the range into 

two partitions and then iterating the partitioning until there is no further 

improvement in the MDL score (top-down partitioning). The MDL metric includes 

all of the variables used for classification and is repeated for each continuous 

variable. Given a BBN structure, this method discretizes each continuous variable in 

the Markov blanket of each classification variable. This procedure is iterated until 

there is no improvement in each local MDL score.

Friedman and Goldszmidt propose that this method can be adopted to 

learning BBN structure by starting with some initial discretization of each continuous 

variable, learning an initial structure, and then re-discretizing as described above. 

While this technique will optimize the conditional probabilities, it depends upon the 

initial approximate discretization of continuous variables to learn the correct network 

structure.

Extensions to current discretization techniques for classification methods have
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been proposed for BBNs, but none have currently been published. Methods for both 

static (done in data preprocessing) and dynamic (done during BBN construction) 

discretization of continuous variables are presented in this chapter.

4.2 Constraints on Increasing the number of partitions

Freely changing the number of partitions of continuous variables, after the 

BBN is constructed, may change the value of the right hand side of equation (3.1) 

for the variable represented by a given Xj. Then, the product of the sets of conditional 

probabilities would no longer represent the overall joint distribution of all of the 

variables. A method to change the number of partitions, within constraints to 

maintain the initial conditional probability distribution of a node (variable), was 

described by Chang and Fung (1991). A similar method, which works out to the same 

constraints, was later described by Pazzani (1995) for naive Bayesian classifiers.

In the simple BBN, shown in Figure 4.1, node B, which represents a 

continuous database variable with its range partitioned into a discrete number of 

intervals, is conditionally independent of the rest of the nodes in a larger network, 

given its parents (node A), its children (node C), and any other parents of its 

children (node D). This set of nodes, A, C, and D, form the Markov blanket for node 

B (Pearl, 1988). Node D is included since the child of B is conditionally independent 

of the rest of the network, given the joint probability of all of its parents. Any 

changes in the partitioning of node B changes the conditional probabilities of the 

other nodes in the Markov blanket. Therefore, changes in the number of partitions
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of B must preserve the values ofp(B |A ) and p(C|B,D).

If B originally partitioned into 2 equal length intervals, Bt and B2, in the BBN 

in Figure 4.1, then any further partitions must maintain p(B t | A;) and p(B2 | Af), 

where A{ is a particular value of A. This constraint can be met by requiring, for Bj 

for example,

p ( S 1 : A±) = J \  p ( B ,  ! A±) ( 4 . 1 )

where By is a partition of Bj into j equal intervals. Of course, the same constraint is

required for B2.

Again, assuming B is initially partitioned as above, any further partitions must 

also maintain the value of p(Cm | Bt, Dk) and p(Cm | B2, Dk). Again using Bt for an 

example, this constraint can be met by requiring

p ( C m ! Br , D k) p ( B l  : Ad) = 5 ^  p ( C m I Bl j f Dk) p ( B Xj i A*) ( 4 . 2 )

where By is a partition of Bt as above,

Cm is the mth value of C, 

and Dk is the kth value of D.

The constraints illustrated in (4.1) and (4.2) essentially require that any 

repartitioning must be within the limits of the previous intervals. By maintaining this 

requirement, the summation of the resulting probabilities maintain the initial 

conditional probabilities implied in the Markov blanket of a node. With these

maintained, the joint probability of all of the variables in the initial BBN remains the

same, as in equation (4.1). Also, the BBN structure is still an accurate representation
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of (4.1).

4.3 Static and Dynamic Equal Interval Discretization

The following section describes methods for partitioning the range of values 

of a continuous variable into equal length partitions. Static partitioning is done 

before BBN construction. The number of partitions can be chosen arbitrarily, e.g., 

two, or by iteratively repartitioning the variable to achieve the highest metric score. 

Dynamic repartitioning is done during BBN construction to maximize the metric 

score for a set of parent and child nodes.

4.3.1 Algorithm for Equal Interval Discretization

The property of both the K2 and the MDL metrics to favor fewer partitions 

of a variable, described in Chapter 3, is used to initially partition continuous variables 

to a number of equal length intervals with the best score with no parent variables. 

Equal length intervals are chosen to provide a simple discretization method for 

comparison with later methods and to avoid uniform frequency distributions. Each 

continuous variable is initially discretized to two equal length intervals. Then the 

range is repeatedly repartitioned into one more interval until there is no increase in 

the metric value for the variable alone. This discretization sets the initial interval 

values for the continuous variable in the BBN construction.

After the initial discrete values have been set for all of the continuous
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variables, the K2 algorithm is applied to the data. If a network node representing a 

continuous variable is being considered as a parent to another node, each partition 

is subdivided into two equal length sub-intervals. This process maintains the 

constraints described above and maintains equal length intervals. If this repartitioning 

results in a higher metric value, it is done again; if the value is not higher then the 

previous one, the previous partitions are kept and the algorithm continues as it would 

without the repartitioning step. A limit to the number of partitions is input to the 

algorithm.

The modified K2 algorithm, is described below. Instead of a complete 

ordering of the nodes, a partial order is used to represent repeated measurements 

taken over time. In this application, measurements taken at the same time period 

cannot be parent nodes of each other.

1. procedure K2DMOD;

2. {Input: a set of n nodes (variables), a partial ordering of the nodes, an upper 

bound u on the number of parent nodes a node can have, an upper bound t on the 

number of partitions for a continuous variable, a list of any nodes representing 

continuous values, and a database of N cases;}

{Output: for each node, a listing of the parents of the node, the number of 

partitions of the node and its parents, and the final metric value for the node and its 

parents;}

3. for i = 1 to n do;
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4. TTi =  {};

5. pold =  g(i, ttj);

6. OKtoProceed =  TRUE;

7. if node i represents a continuous variable

then set partitions using splitvar function;

8. while OKtoProceed and | ttj | <  u do;

9. let z be a node preceding nodej in the partial order and not in ti-;

10. if z is continuous then z’ =  repartition(node j,z,pnew,t);

11. pnew =  g(i,7i- U {z});

12. if pnew >  pold

then do;

13. pold =  pnew;

14. 7Tj = -nj U {z};

15. end;

16. else OKtoProceed =  FALSE;

17. end;

18. write nodei5 parents of nodej and their number of partitions,

and final g(i, tT|);

19. if any z was repartitioned into z’, reset z to its original partitions;

20. end;

21. end K2MOD;
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1. function splitvar(node ;, t);

/* Finds the number of equal length partitions which maximizes the metric score; 

*/

2. divide the range of values into 2 equal length intervals;

3. pold =  g(i,{});

4. OKtoProceed = TRUE;

5. while OKtoProceed and the number of partitions <  t;

6. repartition node; to 1 additional equal length interval;

7. pnew =  g(i, {});

8. if (pnew <=pold)

9. then OKtoProceed =  FALSE;

10. else pold =  pnew;

11. end;

12. return repartitioned node;;

13. end splitvar;

1. function repartition ( n o d e z ,  pnew, t);

/* Repartitons each interval of a continuous variable into 2 equal length intervals; 

*/

/* The original partitions are maintained, since the new partitions subdivide the old 

ones;*/

/* This satisfies equations (4.1) and (4.2); */
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2. OKtoRepar =  TRUE;

3. while OKtoRepar and (the number of partitions * 2) < t;

4. z’ = z with each interval repartitioned into 2 equal length intervals;

5. pnew’ =  g(i,7ij U z’);

6. if pnew’ <  = pnew

7. then OKtoRepar = FALSE;

8. else do;

9. pnew = pnew’

10. z =  z’;

11. end;

12. end;

13. return (z);

14. end repartition;

This approach allows dynamic repartitioning of the initially continuous 

variables if this repartitioning would contribute to a better parameterization (higher 

conditional probabilities) of the local network structure being considered. Although 

the initial partitioning of continuous variables returns a good mapping into equal 

length intervals, the partitions can be improved to more clearly define the BBN

structure. The algorithm returns the set of parents for each node, as well as the final

local score and the number of partitions of all of the parents.

If a node representing a continuous variable has been repartitioned to
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maximize the value for a particular node and its parents, it assumes its original 

partitions for further calculations (procedure K2MOD,line 19). In the BBN structure, 

a new node is created to only represent the repartitioning in this one instance. This 

allows any repartitioning to be specific to a particular node’s parents and does not 

require previous partitions of a node to be readjusted. The original joint distribution 

is still maintained, satisfying equations (4.1) and (4.2).

The original K2 algorithm has a computational complexity time of 0(m  n4 r) 

(Cooper & Herskovits, 1992), with m cases, n variables, and r values for a variable. 

The modified version, with static partitioning, has O (m n t) for continuous variables, 

where t is the maximum number of partitions, to compute the initial partitions, if all 

variables are continuous. However, this computational time is additive, so the 

algorithm worst case complexity remains the same. With the dynamic repartitioning, 

the calculation of each nodes’s parents is increased by a factor of 0(m  t) to represent 

the operations done during each consideration of the node as a parent for each 

possible child. This gives a computational complexity for the modified algorithm of 

0 (m 2 n4 t2).

4.3.2Test Data for Discretization Method

A data sample of 704 cases was selected from a subset of an epidemiological 

health study database to demonstrate this method. The sample is from the NHLBI 

Growth and Health Study (NGHS,1992), a study of the development of obesity in 

young black and white girls. It is not representative of the overall study data since
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cases selected had no missing values and the data were selected to specifically 

demonstrate the described method. The variables selected were race (categorical; 

range 1,2), maturation stage (categorical; range 1-6) ,  Quetelet index, a measure of 

body mass (continuous), average daily caloric intake (continuous), measurement age 

(continuous), and a psychological test measurement of self worth (categorical; range 

1 - 4 ) .  The girls were 9 or 10 years of age at the first measurement. All variables 

used in this analysis, except race, were repeatedly measured over five years, with age 

being the age at each year’s measurement.

Another data sample of 466 cases was chosen from another epidemiological 

database for demonstration. This sample is from the Dietary Intervention Study in 

Children (DISC, 1993), a clinical trial designed to assess the efficacy of a lipid- 

lowering diet in 8 to 10 year old children. The sample is not representative of the 

overall study, since cases selected had no missing values. One treatment group 

received several sessions to teach the children and their parents the benefits and 

menus of a low-fat diet. The other group received only general dietary information.

The variables chosen were gender (categorical; range 1, 2), treatment 

(categorical; range 1, 2), total cholesterol level (continuous), body mass index 

(continuous), triglycerides (continuous), activity level (categorical; range 1 - 6), and 

measurement age (continuous). Except for gender and treatment, all variables were 

repeatedly measured at the child’s entrance into the study, after 12 months, after 36 

months, and after 60 months; again age is the child’s age at each measurement.

The modified K2 algorithm was implemented in the SAS® IML programming

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



56

language on an IBM RS6355 workstation. SAS was used since the study data analysis 

is done in this environment. This language is interpretive, so the CPU times are 

excessive. Much shorter execution times would be expected using a compiled 

language.

4.3.3Results for Equal Interval Discretization with K2 Bayesian Metric

The NGHS scores for nodes with parents for three implementations of the K2 

algorithm are presented in Table 4.1. The scores are calculated using log10 of the 

factorials in equation (3.3) to keep the actual numbers manageable for calculation. 

Changes from one implementation to the next are in bold face.

In the first implementation of K2, with the resulting network in Figure 4.2, all 

continuous variables are represented by nodes with 2 values for 2 equal length 

partitions. In the second implementation, the metric was used to adjust the intervals 

before the start of the algorithm. Since there were no changes in partitioning except 

for Year 5 blood pressure, which went to three partitions, no BBN figure is shown. 

In the third implementation, with the network shown in Figure 4.3, the continuous 

variable partitions were initially adjusted and then dynamically adjusted when being 

considered as parent nodes. All of the adjustments made equal length partitions.

As seen in Figures 4.2 and 4.3, the dynamic repartitioning led to a more 

sparsely connected network. When there was a change in the K2 metric score, due 

to repartitioning, it was usually small, as seen in Table 4.1.The greatest changes were
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Variable All continuous are binary All continuous initially adjusted All continuous initially & 
dynamically adjusted

Race — ___

ArcO) _ _ _ — ___

Blood pressured) -191 -191 -191

Body mass index(l) -110 -110 -110

Maturation stage (1) -351 -351 -351

Daily calories (I) -77 -77 -77

Self worth (1) — _

Age (2) — _

Blood pressure (2) -178 -178 -176

Body mass index (2) -64 -64 -58

Maturation stage (2) -392 -392 -392

Daily calories (2) . — . .

Arc (3) . _ _

Blood pressure (3) -150 -150 -151

Body mass index (3) -51 -51 -52

Maturation stage (3) -388 -388 -388

Daily calories (3) -85 -85 -83

Self worth (3) -289 -289 -289

Age (4) . _

Blood pressure (4) -172 -172 -171

Body mass index (4) -34 -34 -38

Maturation stage (4) -339 -339 -339

Daily Calories (4) -25 -25 -25

Age (5) . _

Blood pressure (5) -182 •185 -183

Body mass index (5) -36 -36 -37

Maturation stage (5) -268 -268 -268

Daily calories (5) -40 -40 -33

Self worth (5) -310 -310 -310

Table 4.1 NGHS K2 metric scores (using log,0 factorial) for nodes with parents for equal 
interval discretization. Changes from previous implementation are in bold face.
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in body mass index in Years 2 and 4 and in daily calories in Year 5. The change in 

daily calories is also indicated in the repartitioning of its parent, Year 4 daily 

calories, into 8 intervals.

The DISC score for nodes with parents for the three implementations, 

described in the previous section, are presented in Table 4.2.

In the first implementation, with the resulting network in Figure 4.4, all 

continuous variables were again represented by nodes with 2 values for 2 equal 

length partitions. In the second implementation, described in the previous section, 

there were no changes in the initial partitionings, so no BBN figure is shown. In the 

third implementation, the dynamic repartitioning again led to a more sparsely 

connected network, as shown in Figure 4.5. The most noticeable changes in network 

structure occurred over measurements of high density lipoprotein and of body mass 

index.

Again, many of the changes in the K2 metric score, from the first 

implementation to the third, were minimal. The greatest changes occurred in high 

density lipoprotein in the second, third, and fourth measurements, which were all 

higher after the dynamic repartitioning of the previous measurement. Body mass 

index metric scores, for the second and fourth measurements, decreased after 

repartitioning the previous measurement.

The CPU time for execution of the three K2 implementations with NGHS 

data was 101 minutes for all binary continuous variables, 96 minutes for initially 

adjusted partitions of continuous variables, and 274 minutes for the initially and
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Variable All continuous are binary All continuous initially 
adjusted

All continuous initially & 
dynamically adjusted

Gender , .

Treatment , , , —

Asset 1) _ —

Total cholesterol (1) -134 -134 -134

High density lipoprotein (1) — —i i

Triglycerides (1)

Body mass index (1) . —

Activity level (1) — .

Age (2) _ — —

Total cholesterol (2) -122 -122 -122

High density lipoprotein (2) -87 -87 -78

Triglycerides (2) -60 -60 -59

Body mass index (2) -30 -30 -23

Activity level (2) -226 -226 -226

Age (3) . —

Total cholesterol (3) -122 -122 -122

High density lipoprotein (3) -63 -63 -60

Triglycerides (3) -17 -17 -17

Body mass index (3) -122 -122 -122

Activity level (3) -242 -242 -242

Age (4) _ ___

Total cholesterol (4) -20 -20 -20

High density lipoprotein (4) -80 -80 -76

Triglycerides (4) -27 -27 -26

Body mass index (4) -54 -54 -50

Activity level (4) -243 -243 -243

Table 4.2 DISC K2 metric scores (using logI0 factorial) for nodes with parents for equal 
interval discretization. Changes from previous implementation are in bold face.
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dynamically adjusted partitions. These times are consistent with the relative 

computational complexity of the implementations discussed in the above section.

The CPU time for execution of the three implementations with DISC data was 

37 minutes for all binary continuous variables, 38 minutes for initially adjusted 

partitions, and 81 minutes for the initially and dynamically adjusted partitions.

The comparative CPU execution times are presented in Figure 4.6. The 

greater execution times for NGHS data are due to a greater number of variables and 

about 1/3 more cases. For both datasets, the execution time for dynamic partitioning 

is more than twice that for the initial static partitioning.

4.3.4 Results for Equal Interval Discretization with MDL Metric

The NGHS scores for nodes with parents for the three implementations of the 

K2 algorithm using the MDL metric, as described above, are presented in Table 4.3. 

Any change from one implementation to another is in bold face.

The only change between the first (Figure 4.7) and the second 

implementations was that Year 5 blood pressure went to three partitions after the 

initial partitioning, so no BBN figure is shown. In the third implementation (Figure 

4.8), after dynamically repartitioning to equal length intervals for each continuous 

variable, the network was much more sparsely connected. Most of the arcs from the 

second implementation for body mass index and blood pressure were eliminated.

Most of the changes in the MDL metric scores were minimal. The greatest 

changes were in body mass index, which went to four partitions as a parent of each
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Variable All continuous are binary All continuous initially adjusted All continuous initially & 
dynamically adjusted

Race ___ — .

Aged) _ — —

Blood pressured) -637 -637 -637

Body mass indexd) -367 -367 -367

Maturation stage (I) -1187 -1187 -1221

Daily calories (1) __ __ .. . .

Self worth (1) . ,

Age (2) . _T, . -

Blood pressure (2) -592 -592 -591

Body mass index (2) -215 -215 -191

Maturation stage (2) -1359 -1359 -1359

Daily calories (2)

Age (3) . _ _ _

Blood pressure (3) -507 -507 -518

Body mass index (3) -177 -177 -175

Maturation stage (3) -1340 -1340 -1340

Daily calories (3) -289 -289 -289

Self worth (3) -980 -980 -980

Age (4) _ _
Blood pressure (4) -580 -580 -585

Body mass index (4) -118 -118 -134

Maturation stage (4) -1165 -1165 -1165

Daily Calories (4) -82 -82 -82

Age (5) — _ _
Blood pressure (S) -620 -622 -618

Body mass index (S) -125 -125 -121

Maturation stage (S) -928 -928 -928

Daily calories (5) -140 -140 -133

Self worth (5) -1053 -1053 -1053

Table 4.3 NGHS MDL metric scores for nodes with parents for equal interval discretization. 
Changes from previous implementation are in bold face.
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successive year’s measurement. The changes in blood pressure were slight, although 

the parent nodes went to four partitions.

The DISC scores for nodes with parents in the three implementations of the 

K2 algorithm, using the MDL metric, are presented in Table 4.4. Any changes from 

one implementation to another is in bold face.

There were no changes in network structure from the first implementation 

(Figure 4.9) to the second one, so no BBN figure is shown. In the third 

implementation (Figure 4.10), the dynamic repartitioning of the parents of the body 

mass index and high density lipoprotein measurements led to the elimination of 

several arcs. Again, the dynamic repartitioning of continuous variables resulted in a 

more sparsely connected network.

There were large reductions in the metric scores for high density lipoprotein 

in the second, third, and fourth measurements. There were also large score 

reductions for body mass index in the second and fourth measurements.

The CPU time for execution of the three K2 algorithm implementations with 

NGHS data was 85 minutes for all binary continuous variables, 81 minutes for 

initially adjusted partitions of continuous variables, and 161 minutes for the initially 

and dynamically adjusted partitions. Again, these times are consistent with the 

relative computational complexity of the implementations discussed above.

The CPU time for execution of the three implementations with DISC data was 

23 minutes for all binary variables, 24 minutes for the initially adjusted continuous 

variables, and 67 minutes for the initially and dynamically adjusted partitions.
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Variable All continuous are binary All continuous initially adjusted All continuous initially & 
dynamically adjusted

Gender — _
Treatment _ _ _
Age(t) —

Total cholesterol (1) _ _
High density lipoprotein (1) — _
Trielvcerides (1) . _
Body mass index (I) _ _
Activity level (I) _ _
Age (2) _ _
Total cholesterol (2) -407 -407 -407

High density lipoprotein (2) -293 -293 -264

Triglycerides (2) -202 -202 •200

Body mass index (2) -96 -96 -76

Activity level (2) -787 -787 -787

Age (3) — _
Total cholesterol (3) -409 -409 -409

High density lipoprotein (3) -211 -211 -203

Triglycerides (3) -56 -56 -56

Body mass index (3) -152 -152 -149

Activity level (3) -839 -839 -839

Age (4) ,

Total cholesterol (4) -66 -66 -66

High density lipoprotein (4) -276 -276 -265

Triglycerides (4) -92 -92 -92

Body mass index (4) -184 -184 •168

Activity level (4) -842 -842 -842

Table 4.4 DISC MDL metric scores for nodes with parents for equal interval discretization. 
Changes from previous implementation are in bold face.
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The comparative execution times are presented in Figure 4.11. With the MDL 

metric, the executions time for dynamic partitioning is about twice that for the initial 

static partitioning.

4.3.5 Discussion

The method described here maintains the joint probability distribution over 

all of the variables, so the network does not have to be reconstructed when the 

number of partitions used to represent a continuous variable is changed. In the 

examples presented here, the highest metric scores were obtained when the 

repartitioning was done dynamically to find the highest score for a set of parent 

nodes of a particular node in a BBN.

The MDL metric constructs more sparsely connected networks than the 

Bayesian K2 metric. This is consistent with previous findings (Bouckaert, 1994). The 

shorter CPU times for the algorithm using MDL could be partially explained by this 

finding. The Bayesian metric might be preferred for exploratory data analysis, since 

even tenuous relationships between variables could be checked. However, many of 

these relationships disappear with dynamic repartitioning, which would indicate no 

strong underlying connection between the related measurements.

In conclusion, using the MDL metric to score the discretizing of continuous 

variables into equal length partitions led to more sparsely connected BBNs than with 

the K2 Bayesian metric. Also, BBN construction using the MDL metric took less 

time for execution. The dynamic partitioning using either metric led to simpler
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networks, but with generally higher scores. The increase of the metric score generally 

indicates higher underlying conditional probabilities used to model a data sample. 

The method of equal interval partitioning can be used to find very good, but not 

necessarily optimal, mapping of continuous variables into the discrete ones necessary 

for BBN construction. This simplifies the construction of a BBN model including 

continuous variables for exploratory data analysis for medical studies.

4.4 Entropy Based Discretization of Continuous Variables Before BBN Construction

4.4.1 Introduction

As mentioned above, most methods used for discretizing a continuous variable 

use its relationship to another variable to determine the partitions. The method 

proposed here is used to partition a continuous variable by itself. It is based on 

finding an ’optimal’ discretization by minimizing both the loss of information or 

entropy and the number of partitions. This is a new procedure (no published 

references) and can be used in a variety of machine learning and KDD problems, 

which require discretization of a continuous variable.

4.4.2 Method

Initially, the range of a continuous variable, from a database sample, is divided 

into intervals which contain at least one case each. This is done after sorting on the 

variable values. At most, there would be m intervals (O(m)) for m cases. This
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converts the continuous variable into a discrete one, with O(m) values.

Entropy, or information, is maximized when the frequency/probability 

distribution has the maximum number of values (Cover & Thomas, 1991). Since there 

is a discrete partition for every distinct value in the continuous distribution in the 

database, there is no information or entropy loss from the database sample.

The entropy of a discrete random variable X is defined as

H(X)  = -  Y? _  p ( x )  l o g 2 p ( x )  ( 4 . 3 )cX

This can also be written as H(p).

Cover and Thomas (1991) define a function f(x) to be convex over an interval 

(a,b) if for every xt , Xj in (a,b) and 0 <  A < 1.

f  ( \  Xj_ + (1 -  A )x 2) £ A f  (Xj_) +• (1 -  A ) f ( x , )  ( 4 . 4 )

A function f is concave if -f is convex. Examples of convex and concave functions are 

shown in Figure 4.12.

Theorem 4.1 Concavity of entropy (Cover & Thomas, 1991). H(p) is a concave 

function of p.

These definitions and the proof are applied in the following Lemmas.

Lemma 4.1. Let each distinct value of a continuous random variable X, in the case 

database, be represented by a separate interval. Let the number of intervals be k, 1 

<  k <  m for m cases. Let the probability of X in each interval be p(i), 1 < i <  k. 

Let the entropy of the distribution of k discrete intervals be H(pk). If two adjacent
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intervals, i, i +  1, are chosen such that H(pk) - H(p ̂  is minimized, then the change 

in in the probability of each new interval, (p(i) +  p (i+ l)), is monotonically non

decreasing.

Proof: To minimize H(pk) - H(pk.,), i and i+1 are chosen such that the sum p(i) + 

p (i+ l) is minimized. The minimum values of p(i) are set at the initial partitioning 

of intervals for each distinct value of X. As adjacent intervals are merged, the 

difference between adjacent interval probabilities can only increase or remain the 

same. Therefore, the change in each p(i) is monotonically non-decreasing. □

Lemma 4.2. If X is a continuous random variable, in the case database, with k 

distinct values (1 <  k <  m) with an interval for each distinct value, then H(pk) is a 

concave function over k, when each decrease in the number of intervals is chosen to 

minimize H(pk).

Proof: The maximum entropy of a sorted continuous random variable, in a database 

of m cases, is the entropy H(p) when each distinct value is represented by a separate 

interval.

Starting at the point of maximum entropy and maximum number of k intervals 

(2 <_ k _< m), the two adjacent intervals are merged which result in the smallest 

change in H(pk) to give H(pk.j). This smallest change in H(pk) results from merging 

the two adjacent intervals with the smallest sum of p(i) +  p(i+ l). If this procedure
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is applied repeatedly, the size of this sum is monotonically non-decreasing.

Since H(p) is a concave function of p, H(p k) is a  concave function of pk in this 

procedure. Since each pk represents k intervals in this procedure, H(p k) is a concave 

function of the number of decreasing intervals when the pk is monotonically non

decreasing. □

The procedure of merging adjacent intervals, described above, is continued 

until a stopping point is reached. The determination of this point is described next.

As seen in Figure 4.12, a concave function, such as entropy, is monotonically 

increasing with an increase in X. However, its rate of increase is always decreasing 

as it approaches the maximum value of X. The entropy over all partitionings of the 

NGHS variable Year 2 body mass index is shown in Figure 4.13.

As stated above, the maximum entropy occurs with the maximum number of 

partitions. The best tradeoff between maximum information and a manageable 

number of partitions is reached when the change in X becomes greater than the 

change in the entropy of X. This is at the ’knee’ of the function plot.

If a chord is drawn from the origin of the graph to the point of maximum 

entropy and number of partitions, all of the points on the concave function plot will 

be above the chord. The change in X becomes greater than the change in the entropy 

of X at the point on the curve which is furthest from the chord. This is displayed as 

the vertical line from the chord to the curve in Figure 4.14.

The maximum height of a point on the function curve above the chord is
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proportional to x ,^  y - x. Therefore, the stopping point for the merging of 

adjacent intervals is reached just before the decrease in this score. A similar method 

for determining discretization intervals relative to a classification variable, using a 

metric based upon a sum of squares distance, is described by Hong (1997). However, 

this method, as well as all of the others referenced here, bases discretization upon 

one variable’s relationship to another. Also, it makes no use of the entropy measure.

As mentioned above, if a variable has only one value (a constant), it has zero 

entropy. Maximum entropy for a binary valued variable is reached when each value 

is equally probable (Cover & Thomas, 1991), which gives the same partitioning as 2 

equal frequencies. If a variable range is partitioned by iteratively splitting the range 

’from the top down’, this first (binary) partition will be two intervals of equal 

frequency. As successive splits are made, relative to this initial one, each equal 

frequency interval will be split into 2 equal frequency intervals. This leads to a 

uniform discrete distribution for every number of intervals that is a power of 2, e.g., 

2, 4, 8, etc.

To avoid the implicit equal frequency partitioning, which could be 

accomplished much more easily, a variable range is partitioned ’from the bottom up’. 

This is done by iteratively merging adjacent intervals, as described above. Applying 

the merger, which gives the least decrease in entropy, allows intervals with low 

frequency difference to be merged prior to those with higher frequency differences. 

This method preserves obvious groupings or clusters. Also, by always choosing the 

least decrease in entropy for mergers, the function plot is concave, which makes it
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optimal for finding the best stopping point for the discretization process.

4.4.3 Discretization Procedure

This entropy discretization method was applied to the continuous variables in 

both the NGHS and DISC datasets. For each continuous variable in a dataset, the 

dataset was sorted on that variable and only the values of that variable were input 

to the program.

The two adjacent values with the smallest entropy difference were found and 

merged. If there was more than one pair of adjacent values with the smallest entropy 

difference, one pair was randomly chosen. This procedure was iterated until the 

stopping criteria, finding the ’knee’ of the concave function plot, was met. The initial 

variable values, which defined the partitions (the split points), were then stored. After 

every continuous variable was partitioned in this manner, the stored split points were 

written to an output file.

The procedure is implemented in the following algorithm:

1. procedure ENTD;

2. /* Input: a database, D, of m cases and n continuous variables;

Output: a file of partition split points for every continuous variable; */

3. for i =  1 to n do; /* do for each continuous variable */

4. sort D by continuous variable i;

5. read m cases of variable i into array X;
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6. accumulate frequency counts and save split points for each distinct k values of 

X;

7. oldent =  entropy of X with k partitions;

8. initent = oldent;

9. initk =  k;

10. oldchek =  0;

11. oktogo =  TRUE;

12. while (oktogo);

13. find the 2 adjacent intervals, a, a+1, with the minimum frequency difference;

14. merge intervals a, a+1;

15. newent =  entropy of X with intervals a, a+1, merged (k-1 partitions);

/* calculation to find ’knee’ of entropy curve */

16. newchek =  (initk * newent) - (initent * (k-1));

17. if (newchek > oldchek)

then do;

18. reset split points for X to reflect merger of a, a +  1;

19. reset interval frequencies;

20. oldent =  newent;

21. k =  k - 1;

22. oldchek =  newchek;

23. end;

24. else oktogo = FALSE;
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25. end while;

26. save split points for X;

27. end i loop;

28. output to file split points for all continuous variables;

29. end ENTD;

This procedure is implemented for the NGHS dataset in the dentan.sas program in 

Appendix 1.

Sorting the dataset has 0(m  log2 m) computational complexity for m cases. 

Assuming a distinct value for each case, iteratively selecting and merging the 

partitions takes 2(m +  (m-1) +  (m-2) + ...1) operations in the worst case. The 

number of operations is 2(m (m-l))/2 or 0 (m 2). With n continuous variables, the 

worst case complexity is 0(n (m log2 m 4- m2)).

The partitioning of the NGHS Year 1 body mass index is shown in Figure 

4.15. The frequency distribution of the initial values is shown, with the split points 

indicated, along with the discrete value frequency distribution.

The programs to implement the entropy discretization, for each dataset, were 

written in SAS ® EML for use by statisticians. The execution times for partitioning 

NGHS data were 20 seconds and 10 seconds for DISC data.

4.4.4 Results for Entropy Discretization with K2 Bayesian Metric

The NGHS and Disc datasets, with their accompanying files of split points for 

discretization of continuous variables, were input to the BBN construction program,
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which used the K2 algorithm. The continuous variables were initially partitioned 

according to their split points and the BBN was constructed.

The number of partitions for each NGHS continuous variable, after entropy 

discretization, is shown in Table 4.5. In 85 % of the variables, the entropy 

discretization resulted in 10 or fewer partitions over the range of continuous variable 

values.

The network structure, shown in Figure 4.16, is more sparsely connected then 

for the BBN with initial and dynamic equal length partitions (Figure 4.3). After the 

partitioning of Year 1 age into 6 intervals, it no longer was a parent of any Year 1 

measurements, as it was previously.

The K2 metric scores are presented in Table 4.6, with the metric scores for 

the initial and dynamic equal interval partitioning for comparison. For all of the 

entropy partitioned continuous variables, the scores were much lower than the 

previous ones. This was caused by the increase in the number of partitions, which 

brings a corresponding decrease in the K2 metric score.

The number of partitions for each DISC continuous variable, after entropy 

discretization, is shown in Table 4.7. In this dataset, all of the continuous variables 

were partitioned into 10 or fewer intervals.

The network structure, shown in Figure 4.17,is again more sparsely connected 

than the one for initial and dynamic equal interval partitioning (Figure 4.5). One of 

the main study interactions, the effect of treatment on the second total cholesterol 

measurement, is not seen because of the partitioning of the value range into five
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Variable Number of partitions using 
entropy

Race (2) categorical

Aged) 6

Blood pressured) 5

Body mass indexd) 9

Maturation stage (1) (6) categorical

Daily calories (1) 8

Self worth (1) (4) categorical

Age (2) 8

Blood pressure (2) 9

Body mass index (2) 6

Maturation stage (2) (6) categorical

Daily calories (2) 10

Age (3) 7

Blood pressure (3) 9

Body mass index (3) 10

Maturation stage (3) (6) categorical

Daily calories (3) 12

Self worth (3) (4) categorical

Age (4) 7

Blood pressure (4) 9

Body mass index (4) 8

Maturation stage (4) (6) categorical

Daily Calories (4) 11

Age (5) 9

Blood pressure (5) 6

Body mass index (5) 11

Maturation stage (5) (6) categorical

Daily calories (5) 8

Self worth (5) (4) categorical

Table 4.5 NGHS, number of partitions for entropy based discretization of continuous 
variables.
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Variable All continuous initially & 
dynamically partitioned with 
equal length intervals

All continuous partitioned 
using entropy

Race — _

Aged) — —

Blood pressured) -191 — —

Body mass index(l) -110 -644

Maturation stage (I) -351 -366

Daily calories (1) -77 , , ,

Self worth (I) _ —

Age (2) _ _

Blood pressure (2) -176 •498

Body mass index (2) -58 -272

Maturation stage (2) -392 -392

Daily calories (2) __ —

Age (3) . __

Blood pressure (3) -151 -418

Body mass index (3) -52 -462

Maturation stage (3) -388 -388

Daily calories (3) -83 • • •

Self worth (3) -289 -289

Age (4) — —

Blood pressure (4) -171 -418

Body mass index (4) -38 -238

Maturation stage (4) -339 -339

Daily Calories (4) -25 -456

Age (5) ___ —

Blood pressure (5) -183 -300

Body mass index (5) -37 -436

Maturation stage (5) -268 -268

Daily calories (5) -33 -252

Self worth (5) -310 -310

Table 4.6 NGHS K2 metric scores for nodes with parents for equal interval and initial 
entropy based discretization. Changes from previous implementation are in bold face.
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Variable Number of partitions using 
entropy

Gender (2) categorical

Treatment (2) categorical

Aged) 8

Total cholesterol (1) 2

High density lipoprotein d) 4

Triglycerides (1) 8

Body mass index (1) 6

Activity level d) (5) categorical

Age (2) 7

Total cholesterol (2) 5

High density lipoprotein (2) 4

Triglycerides (2) 8

Body mass index (2) 7

Activity level (2) (5) categorical

Age (3) 8

Total cholesterol (3) 2

High density lipoprotein (3) 5

Triglycerides (3) 8

Body mass index (3) 8

Activity level (3) (5) categorical

Age (4) 10

Total cholesterol (4) 7

High density lipoprotein (4) 2

Triglycerides (4) 9

Body mass index (4) 7

Activity level (4) (5) categorical

Table 4.7 DISC, number of partitions for entropy based discretization of continuous 
variables.
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intervals instead of two.

The K2 metric scores are presented in Table 4.8, with the scores for the initial 

and dynamic equal interval partitioning for comparison. The entropy discretization 

scores are much lower, except for the third total cholesterol measurement (8 

partitions) and the fourth high density lipoprotein measurement (10 partitions). The 

more precise partitioning of these variables and their parents overcame the scoring 

handicap of more partitions.

The CPU execution times for network construction was 1320 minutes for 

NGHS data and 176 minutes for DISC data. This great disparity is due to the higher 

number of partitions of continuous variables for NGHS and to the greater number 

of cases, as well as to slightly greater network complexity.

4.4.5 Results for Entropy Discretization with MDL Metric

The NGHS network constructed, using the MDL metric with entropy 

discretization, is shown in Figure 4.18. It is more sparsely connected than the BBN 

with initial and dynamic equal interval partitioning (Figure 4.8). Major differences 

are the lack of year to year dependencies in blood pressure measurements and 

maturation stage being the only race dependency.

The MDL metric scores are presented in the middle column of Table 4.9, with 

the scores of initial and dynamic equal interval partitioning for comparison. The 

scores are much lower, due to the greater number of partitions.

The network constructed, with entropy discretization of DISC data, is shown
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Variable All continuous initially & 
dynamically partitioned with 
equal length intervals

All continuous partitioned 
using entropy

Gender

Treatment

Age(l)

Total cholesterol (1) -134

High density lipoprotein (1)

Triglycerides (1)

Body mass index (1)

Activity level (1)

Age (2)

Total cholesterol (2)

High density lipoprotein (2) -78 -199

Triglycerides (2) -59 -391

-23Body mass index (2) -191

-226Activity level (2) -226

Age (3)

-122Total cholesterol (3) -39

-60High density lipoprotein (3) -250

Triglycerides (3) -17 -389

Body mass index (3) -122 -287

Activity level (3) -242

Age (4)

Total cholesterol (4) -20 -357

High density lipoprotein (4) -76 -61

Triglycerides (4) -26 -388

Body mass index (4) -50 -167

Activity level (4) -243 -243

Table 4.8 DISC K2 metric scores for nodes with parents for equal interval and initial entropy 
based discretization. Changes from previous implementation are in bold face.
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Variable All continuous initially & 
dynamically partitioned with 
equal length intervals

All continuous 
partitioned using 
entropy

All continuous partitioned using 
entropy; dynamically repartitioned 
using MDL;

Race — — —

Aged) _ _
Blood pressured) -637 — __

Body mass index(l) -367 —.T., __

Maturation stage (1) -1221 -1222 -1222

Daily calories (1) _ _

Self worth d) _ _
Age (2) _
Blood pressure (2) -591 __ —

Body mass index (2) -191 -953 -935

Maturation stage (2) -1359 -1359 -1359

Daily calories (2) — — _

Age (3) , _
Blood pressure (3) -518 —

Body mass index (3) -175 •1642 -1620

Maturation stage (3) -1340 -1340 -1340

Daily calories (3) -289 — __

Self worth (3) -980 -980 -980

Age (4) _
Blood pressure (4) -585 mmm -1277

Body mass index (4) -134 -879 •861

Maturation stage (4) -1165 -1165 -1165

Daily Calories (4) -82 -1832 -1752

Age (5) , _
Blood pressure (5) -618 -1068 -1031

Body mass index (5) -121 -1698 -1667

Maturation stage (5) -928 -928 -928

Daily calories (5) -133 -1000 -974

Self worth (5) | -1053 -1053 -1053

Table 4.9 NGHS MDL metric scores for nodes with parents for equal length interval and 
entropy based discretization. Changes from previous implementation are in bold face.
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in Figure 4.19.It has almost half of the dependencies shown for continuous variables, 

compared to the BBN for initial and dynamic equal length interval partitions (Figure 

4.9). Most of the missing connections are for triglyceride measurements, which are 

completely independent in this implementation.

The MDL metric scores are presented in the middle column of Table 4.10, 

with the initial and dynamic equal interval partitioning scores for comparison. All of 

the scores are much lower, except for the third total cholesterol measurement and 

the fourth high density lipoprotein measurement. This decrease in the MDL scores 

is consistent with the decrease in the K2 metric scores for these variables.

The CPU execution time for network construction was 468 minutes for NGHS 

data and 97 minutes for DISC data. These execution times for each dataset is roughly 

proportional to the times using the K2 metric.

4.4.6 Discussion

The entropy discretization method provides an optimal balance between 

information loss and a manageable number of values for continuous variables. Also, 

it can be done efficiently without comparison to another variable. In the two datasets 

used for testing, there were generally 10 or fewer partitions used to represent the 

value range of a continuous variable.

The increased number of partitions led to more sparsely connected networks 

than those with equal length partitions for both the NGHS and DISC datasets. The 

number of dependencies shown, involving continuous variables, was nearly halved for
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Variable All continuous initially & 
dynamically partitioned 
with equal length intervals

All continuous partitioned 
using entropy

All continuous partitioned using 
entropy; dynamically 
repartitioned using MDL;

Gender _ —

Treatment _ —

Age(l) _
Total cholesterol (1) _ —

High density lipoprotein (L) _ —

Triglycerides (1) — ,

Body mass index (1) _ —

Activity level (1) _ — .

Age (2) _ — _
Total cholesterol (2) -407 . . . _
High density lipoprotein (2) -264 •680 -673

Triglycerides (2) -200 mam —

Body mass index (2) -76 -685 -673

Activity level (2) -787 -787 -787

Age (3) — _
Total cholesterol (3) -409 •140 -136

High density lipoprotein (3) -203 •853 -864

Triglycerides (3) -56 _ _
Body mass index (3) -149 -1055 -984

Activity level (3) -839 -839 -839

Age (4) _ —

Total cholesterol (4) -66 -1220 -1220

High density lipoprotein (4) -265 -37 -47

Triglycerides (4) -92 — -1332

Body mass index (4) -168 -623 •609

Activity level (4) -842 -842 -842

Table 4.10 DISC MDL metric scores for nodes with parents for equal interval and entropy 
based discretization. Changes from previous implementation are in bold face.
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both datasets. Also, the higher number of partitions usually resulted in lower metric 

scores, as well as increased execution times for network construction.

This method of discretization of continuous variables brings out the strongest 

conditional dependencies in the data. These dependencies are stronger since they 

exist through a more precise partitioning of data value ranges, than for equal length 

interval partitioning.

4.5 Dynamic Repartitioning for BBNs Based on the MDL Metric

4.5.1 Introduction

To further improve the accuracy of the BBNs constructed using entropy based 

discretization of continuous variables, a method for dynamic repartitioning using the 

MDL metric was developed. Since higher metric scores result from fewer variable 

values (partitions) and the initial discretization was not done in relation to any other 

variables, this repartitioning merged existing partitions of continuous variables to find 

more definitive conditional dependencies. This procedure for dynamically 

repartitioning continuous variables during BBN construction, using the MDL metric, 

is completely new. It could have wide use in KDD applications using BBN models.

Bouckaert (1993) has shown that the MDL metric used here is a concave 

function in the number of partitions used in the conditional dependencies between 

parent and child nodes. This is based upon the concavity of the conditional entropy 

used in the metric. Finding the ’knee’ of this function was used as a stopping point 

for merging the partitions of continuous variables. This was done by a method similar
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to the one used to stop the entropy based partitioning of a single continuous variable. 

As described in section 4.4.2, the ’knee’ of the plot of the concave function is used 

as a stopping point for merging partitions.

If there were no stopping point for mergers, all continuous variables would 

reach a binary partitioning. This is a result of the MDL metric giving a higher score 

to variables with fewer values. Two values are the minimum for a measurement to 

remain a variable and not become a constant.

4.5.2 Method

As the set of parents of a variable is being found during BBN construction, 

each continuous variable is dynamically repartitioned to find the highest MDL metric 

for this variable as a parent. If a continuous variable is being considered as a parent, 

the two adjacent partitions with the lowest frequency (probability) difference are 

merged. After this merging, a new MDL metric value is found which uses this 

variable, the child variable, and any other previously established parent variables. 

The merging, of the adjacent partitions with the lowest frequency difference, is based 

upon the heuristic that adjacent variable values, with very similar frequencies, belong 

to the same value cluster for predicting the value of another variable.

This merging is iterated until the ’knee’ of the MDL function is reached. The 

resulting metric score is considered the best possible for this continuous variable and 

is used for selecting it as a parent variable. If it is not chosen as a parent, it is 

partitioned as it was initially.
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After the child variable and its parents are written to the output file, a 

continuous parent variable reverts to its initial partitioning. In this way, each dynamic 

repartitioning is independent of any others for the same variable and the partitioning 

of the parent as a child node remains unchanged. In the network structure, a new 

node can be created between the original node and the child to represent this 

repartitioning. This new node is a direct parent of this child node and only of this 

one child node.

4.5.3 Procedure

As described in section 4.4.4, the NGHS or DISC dataset, with its 

accompanying file of continuous variable split points, was read into the program with 

the basic K2 BBN construction algorithm. As each continuous variable was 

considered as a parent, it was repartitioned, as described above, to find the best 

partitioning relative to a child variable. If the continuous variable is selected as a 

parent, it is listed in the output file as one, along with its current split points and the 

number of partitions. The partitioning of a continuous variable was always reset after 

it was considered as a parent. This procedure was used in the K2MOD algorithm 

(section 4.3.1), with the repartitioning done according by merging the adjacent 

partitions with the lowest frequency difference, instead of in the manner of the 

repartition function in the algorithm.

Aside from the complexity of the entropy discretization of the data, this 

method of dynamic discretization significantly adds to the computational complexity
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of the K2 based algorithm. With m cases, n  variables, r  values for a variable, and a 

maximum of c parents, this method uses c [(r m )+((r-l) m) + ..(2 m)] operations in 

the worst case. This comes to 0((r(r-l)/2) c m) or 0 ( r2 c m) operations for each 

variable. When combined with the initial complexity for the K2 algorithm of 0(m n4 

r), this gives a worst case complexity of 0 (m 2 n4 r3 c).

4.5.4 Results for Dynamic Repartitioning with the MDL Metric

The network constructed using dynamic repartitioning with the MDL metric, 

for NGHS data, is shown in Figure 4.20. The only changes in network structure, from 

using only entropy discretization (Figure 4.18), are between blood pressure 

measurements. There are two additional arcs and one arc that has been deleted.

The MDL metric scores are presented in the third column of Table 4.9. These 

scores are higher than the scores using only initial entropy discretization, since they 

represent fewer partitions.

The network constructed using dynamic repartitioning with the MDL metric 

for DISC data is shown in Figure 4.21. There are two arcs added to the network 

constructed with initial entropy discretization (Figure 4.19), while one arc was 

deleted.

The metric scores are presented in the third column of Table 4.10. They are 

higher than the scores using only initial entropy discretization, except for the last two 

measurements of high-density lipoprotein.

The execution times were 1101 minutes for NGHS data and 210 minutes for
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DISC data.

4.5.5 Discussion

The dynamic discretization of continuous variables, using the MDL metric, 

results in minor changes in BBN structure. However, metric scores were generally 

higher and additional dependencies were found.

The use of dynamic repartitioning, in conjunction with entropy discretization, 

brought out dependencies which were hidden in coarser representations of 

continuous variables. The finding of unexpected results with a more flexible 

discretization method justifies the increase in computational complexity.

4.6 Summary

This chapter has developed methods for discretizing continuous variables for 

BBN construction. After a review of previous work in discretization, the constraints 

on dynamic repartitioning (repartitioning during BBN construction) for BBNs were 

presented. These constraints can be satisfied by recombining partitions, either by 

splitting or merging, within the originally established interval boundaries.

Increasingly complex methods for discretization were presented. The simplest 

method partitioned the value range of continuous variables into two equal length 

partitions. This method was expanded to allow more than two initial equal length 

partitions, and then to allow splitting of all partitions during network construction.

Another method, previously unpublished, was developed for discretizing
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continuous variables according to the decreasing entropy, or information, contained 

in fewer partitions. The partitioning is optimal in that it represents the best 

compromise between information loss and a manageable number of partitions. This 

method can be applied efficiently since it requires no other variable, or classifier, for 

comparison dining the discretization.

The resulting partitioning from entropy discretization was further modified, 

during BBN construction, in a method previously unpublished, using the MDL 

scoring metric since it is a concave function of the number of partitions. Adjacent 

partitions of a continuous variable were merged to achieve an optimal metric score 

for local network structure by adding that variable. The score was optimal in that it 

provided the best balance of information loss and the number of partitions.

These methods were demonstrated using selected data from two 

epidemiological studies, NGHS and DISC. Two metrics to determine conditional 

dependencies, K2 Bayesian and MDL, were applied for all applicable discretization 

methods. The results were compared across methods and across metrics.

For both datasets and both metrics, the most complex networks were found 

with the simpler partitioning methods. Also, the MDL metric consistently constructed 

more sparsely connected networks. The total metric score for each BBN model is 

shown in Table 4.11. The scores slightly increased with more complex equal interval 

partitioning and decreased with entropy discretization and dynamic MDL 

partitioning. Higher scores mainly reflect more continuous variable partitions with 

entropy discretization. They also represent more connected network structures, as
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Metric:
Dataset

All continuous binary with 
equal intervals

All continuous initially 
adjusted with equal intervals

All continuous initially anil 
dynamically adjusted with 
equal intervals

All continuous partitioned 
using entropy

All continuous partitioned 
using entropy; dynamically 
rcpaniiioncd using MDL;

K2 Bayesian Metric

NOHS Data -3732 -3735 -3722 -6746 ...

DISC Data -1649 -1649 -1620 -3430 ...

MDL Metric

NOHS Data -12461 -12463 -12487 -17119 -18164

DISC Data -4912 -4912 -4823 -7761 •9006

Table 4.11 Summary of total BBN metric scores for equal interval, entropy, and M DL partitioning.
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with dynamic MDL repartitioning compared with initial entropy discretization.

Dynamic repartitioning of continuous variables led to more sparsely connected 

networks with equal length interval partitioning. However, dynamic repartitioning of 

continuous variables, initially partitioned using entropy discretization, led to more 

highly connected networks. All methods of dynamic repartitioning led to better 

representations of underlying dependencies among variables in both NGHS and 

DISC data.

Pearson correlation coefficients were found for the continuous NGHS 

variables with dependencies shown in Figure 4.21 (Table 4.12). These are presented 

to compare the efficacy of the discretization methods presented here. The high 

correlations between the initial continuous values of the variables, which have no 

information loss from discretization, verify the dependencies. For seven of eight pairs 

of variables, the correlations are much higher with entropy discretization or with 

dynamic MDL repartitioning than with binary equal interval discretization.

While entropy discretization generally shows slightly higher correlations than 

dynamic MDL repartitioning, the differences are not significant. Both correlations 

are generally within one tenth of the correlation of the continuous values, with 

significantly fewer values. This shows that entropy discretization provides a very good 

approximation of the underlying continuous distribution of values.

The methods presented here are well suited for exploratory data analysis. 

Starting with the simplest discretization, relationships between variables can be 

approximated. More computationally complex methods can be applied when justified
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Correlation Variables Initial
continuous
values

All continuous 
binary with 
equal length 
intervals

All continuous 
partitioned using 
entropy

All continuous partitioned using 
entropy; dynamically repartitioned 
using MDL;

Body mass index(l) x 
Body mass index(2)

.956 .785 .870 .840

Body mass index (2) x 
Body mass index(3)

.957 .762 .888 .891

Body mass index(3) x 
Body mass index(4)

.960 .821 .773 .792

Body mass index(3) x 
Body mass index(5)

.920 .703 .877 .877

Blood pressure!1) x 
Blood press ure(4)

.470 319 391 334

Blood pressure (3) x 
Blood pressure(S)

.541 356 .447 362

Daily calories(3) x 
Daily calories(4)

.845 340 .815 .802

Daily calories(4) x 
Daily calories(S)

.930 .653 .877 .872

Table 4.12 NGHS Pearson Correlation Coefficients for pairs of continuous variables with 
relationships shown in Figure 4.20 (BBN with Dynamic MDL Repartitioning). Coefficients 
shown for initial continuous values, and partitioning with binary equal interval, entropy, and 
dynamic MDL repartitioning.
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by more rigorous analysis requirements. The method for dynamic repartitioning, 

using the MDL metric, can also be applied to discrete variables to better represent 

their frequency distribution.
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5. REGRESSION OF CONTINUOUS VARIABLES FOR BAYESIAN BELIEF 

NETWORKS

5.1 Introduction

Regression techniques for the analysis of the relationship between one 

variable (dependent) and another set of variables (independent) have long been used 

in statistical analysis (Draper & Smith, 1966). The relationship is expressed as an 

equation which predicts a dependent variable from a linear combination of 

independent variables. The dependent variable is analogous to the classification 

variable and the independent variables are analogous to the classifying variables, as 

described in Chapter 1.

The equation predicting a dependent variable from a linear combination of 

independent variables is:

Y  = p0 + p ^  + PjXj + ...p„Xn + e 5.1

where Y is the dependent variable,

X; is an independent variable, 

is an offset constant, 

is a coefficient of X(, 

and e is an error term.

The choice of the independent variables (X;) is made before the construction of a 

predictor for the dependent variable. This choice is guided by specific analysis 

objectives and/or the results of previous analyses of all of the variables under

112
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consideration.

This chapter explores the use of the linear combination of independent 

continuous variables to predict the value of another continuous variables in a BBN. 

The results from the construction of one BBN, based upon a coarse method of 

discretization of continuous variables, are used to select sets of independent and 

dependent variables for linear regression models. That is, the continuous parent 

variables of a continuous child, in an initial BBN, are used in a regression model to 

find a linear combination to predict the child variable’s values.

Discrete variables are generally not used as dependent or independent

variables in a regression model. Their use usually requires rescaling the discrete

values to start at 0 instead of at 1. Also, it does not make sense to use a coefficient

of some discrete categorical values, e .g .,.7 * gender. Usually, a regression model is 

found for each categorical value.

The linear combination of continuous variables is used to create a regression 

variable, i.e.,a canonical variable that is a function of the linear combination, which 

is used in the construction of a new BBN with the same base variables. The 

continuous and regression variables are discretized with a more refined method than 

initially. This procedure is done to find a BBN structure that describes the 

relationships between variables more accurately than a structure using only the base 

variables.

For example, a BBN of NGHS variables may show one year’s blood pressure 

is dependent upon previous years’ blood pressure and body mass index
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measurements. Combining these independent variables into a regression variable may 

result in a more sparsely connected network structure with a higher metric score for 

the local structure.

This procedure serves to refine and to emphasize the relationships represented 

in a BBN. An initial BBN model is used to select the variables for the regression 

model and a subsequent BBN is used to graphically represent the model of the 

relationships between continuous variables and their regression variables. The 

independent and dependent variables for a regression model have already been 

selected during the construction of the initial BBN, instead of through an extensive 

analysis of all of the variables. The construction of the subsequent BBN tests the 

relevance of the regression variables in a general model of the relationships between 

all variables.

5.2 Procedure for Using Linear Regression with Bayesian Belief Networks

The selection of sets of independent and dependent continuous variables for 

regression models was made from the BBNs constructed from discretized continuous 

variables. The discretization used was binary equal length intervals, since the 

networks constructed were the most highly connected (Chapter 4).

For each test dataset (NGHS and DISC) and for each scoring metric (K2

Bayesian and MDL), sets of continuous independent and dependent variables were 

selected from the local structure of each continuous variable with all continuous

parents. Only continuous variables were selected, since linear regression handles this
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type of data without rescaling. The regression equation for each set of continuous 

variables was found using the standard regression procedure in SAS®.

The regression equation was used to define a regression variable, which was 

included in the relevant dataset. There were four datasets: NGHS/K2, NGHS/MDL, 

DISC/K2, DISC/MDL. A regression variable included in a dataset was treated the 

same way as age in BBN construction. That is, it could not be used as a child 

variable but it could be a parent variable at the appropriate level in the partial 

ordering of variables, i.e., they are roots of a BBN. This was done since the 

regression variable already had a well defined set of parents, i.e., those used in the 

regression equation. The regression variables were included in the list of continuous 

variables used for the entropy discretization method (section 4.4).

The resultant dataset was used to construct a BBN, as described in section 4.4. 

For datasets with regression variables derived from BBNs constructed using the MDL 

metric, dynamic repartitioning, as described in section 4.5, was also used to construct 

BBNs. The resulting BBNs, constructed with regression variables, are presented in 

section 5.5.

5.3 Linear Regression Equations Results with K2 Bayesian Metric BBNs

Continuous variables with all continuous parents were selected from the BBN 

constructed with binary equal length intervals for continuous variables using the K2 

metric (Figure 4.2) for NGHS data. The regression equations are listed below:
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body mass index(3) = -.3 +  .2(body mass index(l)) +

.9(body mass index(2)) (5.2)

body mass index(4) =  .5 +  .l(body mass index(2)) +

.9(body mass index(3)) (5.3)

body mass index(5) =  .7 +  l(body mass index(4)) +

0(age(l)) (5.4)

blood pressure(2) =  32.5 +  .5(blood pressure(l)) +

0(age(l)) (5.5)

blood pressure(3) =  34.8 +  .2(body mass index(l)) +

.4(blood pressure(2)) +

.3(blood pressure(l)) (5.6)

blood pressure(4) =  37.8 +  .2(blood pressure(l)) +

.2(blood pressure(2)) +

.3(blood pressure(3)) (5.7)

blood pressure(5) =26-1- .2(blood pressure(l)) +

.3(blood pressure(3)) +

.3(blood pressure(4)) (5.8)

daily calories(3) = 1032 +  ,2(daily calories(l)) +

.3(daily calories(2)) (5.9)

daily calories(5) =  253 - .l(daily calories(3)) +

.9(daily calories(4)) (5.10)

In equations (5.4) and (5.5), the coefficient for age(l) was less than .01,so age(l) was
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dropped from the equation.

The continuous variables were selected form the same method of BBN 

construction as above, but with DISC data (Figure 4.4). The regression equations are 

listed below:

body mass index(3) =  -1.7 +  .5(body mass index(l) 4-

.7(body mass index(2)) (5.11)

body mass index(4) =  2 +  .l(body mass index(l)) +

.9(body mass index(3)) (5.12)

total cholesterol(3) =  54.7 +  .4(total cholesterol(2) +

.2(total cholesterol(l)) (5.13)

triglycerides(2) =  -8.8 +  .5(triglycerides(l)) +

3.3(body mass index(l)) (5.14)

high-density lipoprotein(2) =  17.7 - 0(triglycerides(l)) +

.7(high-density lipoprotein(l)) (5.15)

high-density lipoprotein(3) =  11.4 +

.2(high-density lipoprotein(l)) +

.5(high-density lipoprotein(2)) (5.16)

In equation (5.15), the coefficient for triglycerides(l) was less than .01, so 

triglycerides(l) was dropped from the equation.

5.4 Linear Regression Equations Results from MDL Metric BBNs

The continuous variables were selected from the BBN constructed with the
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same discretization method as above, but using the MDL metric with NGHS data 

(Figure 4.7). The regression equations are listed below: 

body mass index(3) = -.3 +  .2(body mass index(l)) +

.9(body mass index(2» (5.17)

body mass index(4) = .5 + .l(body mass index(2)) 4-

.9(body mass index(3)) (5.18)

body mass index(5) = .7 + l(body mass index(4)) +

0(body mass index(l)) (5.19)

blood pressure(3) =  33.5 + .3(blood pressure(l) +

.4(blood pressure(2)) (5.20)

blood pressure(4) =  43 +  .2(blood pressure(l) +

.4(blood pressure(3)) (5.21)

blood pressure(5) =  26 +  .2(blood pressure(l) +

.3(blood pressure(3)) +

.3(blood pressure(4)) (5.22)

daily calories(5) =  253.9 - .l(daily calories(3)) +

.9(daily calories(4)) (5.23)

The continuous variables were selected from the BBN constructed with the 

same discretization method as above, but using the MDL metric with DISC data

(Figure 4.9). The regression equations are listed below:

body mass index(3) =  -1.7 +  .5(body mass index(l)) +

.7(body mass index(2)) (5.24)
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body mass index(4) =  2 +  .l(body mass index(l)) +

.9(body mass index(3)) (5.25)

total choIesterol(3) =  54.7 4- .2(total cholesterol(l)) +

.4(total cholesterol(2)) (5.26)

high-density lipoprotein(4) =  8.2 +

.3(high-density lipoprotein(2)) +

.5(high-density lipoprotein(3)) (5.27)

5.5 Results of BBN Construction with Initial Entropy Discretization of Base and 

Regression Variables

The datasets with the base and regression variables, as well as the 

accompanying files of continuous variable split points, were read into the appropriate 

programs. As described above, a dataset was created for each study/metric, where 

the choice of regression variables was based upon previous BBN constructed with the 

same metric.

The parents of regression variables are indicated in the following BBN 

diagrams, but these are the variables used in the regression equation. As mentioned 

above, regression variables could not be used as child variables in the BBN 

construction process.

5.5.1 Results with K2 Bayesian Metric

With NGHS data, the use of regression variables led to a more highly
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connected network, as seen in Figure 5.1. The connections for blood pressure and 

body mass index are more complex than in the comparable network without 

regression variables (Figure 4.16). However, not all of the regression variables that 

were created are included in the network; only those which became parent variables 

are included.

As seen in Table 5.1, the K2 metric scores were neither consistently higher 

nor lower than the scores for the BBN without regression variables.

The BBN for DISC data,in Figure 5.2,shows six regression variables included. 

These variables make the connections for all of the continuous base variables more 

complex than in the comparable network (Figure 4.17). The connection of the initial 

body mass index and triglycerides measurements, through a regression variable, is 

one major difference from the BBN in Figure 4.17.

The K2 metric scores are compared with those of the comparable BBN in 

Table 5 .2 .The scores were slightly higher for the body mass index, triglycerides, and 

high-density lipoprotein measurements, which were dependent upon regression 

variables. The regression variables made no difference in total cholesterol scores.

The execution time, for BBN construction with regression variables, was 952 

minutes for NGHS data and 741 minutes for DISC. The time for NGHS data is less 

than that for construction of the comparable network. However, DISC execution time 

was much greater than that for BBN construction without regression variables.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

Race

Blood
Pressure

Body Mass 
Index .

Maturation
StageAge

o

o

o

o

o

Daily
Calories

o

o

o

0

6

Self
Worth

o

6

First
Year

6

Second
Year

Third
Year

Fourth
Year

Fifth
Year

V  Indicates a regression variable

Figure 5.1 NGHS network, K2 Bayesian metric, with all continuous and regression variables initially partitioned
using entropy.

to



122

Variable AU base continuous partitioned 
using entropy

All base & regression 
continuous partitioned using 
entropy

Race

Aged) — —

Blood pressured) ___

Body mass index( 1) -644 -644

Maturation stage (I) -366 -366

Daily calories (I) .

Self worth (I) — —

Age (2) — —

Blood pressure (2) -498 -498

Body mass index (2) -272 -272

Maturation stage (2) -392 -392

Daily calories (2) _ _

Age (3) , . —

Blood pressure (3) -418 •448

Body mass index (3) -462 -422

Maturation stage (3) -388 -388

Daily calories (3) , , , ,

Self worth (3) -289 -289

Age (4)

Blood pressure (4) -382 -398

Body mass index (4) -238 -238

Maturation stage (4) -339 -339

Daily Calories (4) -456 -456

Age (5) _

Blood pressure (5) -300 -300

Body mass index (S) -436 -379

Maturation stage (S) -268 -268

Daily calories (5) -252 •256

Self worth (5) -310 -310

Table 5.1 NGHS K2 metric scores for nodes with parents for initial entropy discretizationof 
base variables and regression variables. Changes from previous implementation are in bold 
face.
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Variable All base continuous initially 
partititioned using entropy

All base & regression 
continuous partitioned using 
entropy

Gender —

Treatment _ _

Age (I) _

Total cholesterol (I)

High density lipoprotein (1) ,

Triglycerides (1) . .

Body mass index (1) _ . ,

Activity level (I)

Age (2) — —

Total cholesterol (2) — . . .

High density lipoprotein (2) -199 -193

Triglycerides (2) -391 -384

Body mass index (2) -191 -191

Activity level (2) -226 -226

Age (3) — .

Total cholesterol (3) -39 -39

High density lipoprotein (3) -250 •244

Triglycerides (3) -389 -389

Body mass index (3) -287 -283

Activity level (3) -242 -242

Age (4) _ _

Total cholesterol (4) -357 -357

High density lipoprotein (4) -61 -13

Triglycerides (4) -388 -388

Body mass index (4) -167 -160

Activity level (4) -243 -243

Table 5.2 DISC K2 metric scores for nodes with parents with initial entropy discretization 
for base variables and regression variables. Changes from previous implementation are in 
bold face.
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5.5.2 Results with MDL Metric

With NGHS data, regression variables had no effect across the types of 

measurements, as shown in Figure 5.3. The complexity of the network is increased, 

from the comparable network (Figure 4.18), mostly by the substitution of regression 

variables for variables of the same type in previous measurements.

The MDL metric scores, presented in Table 5.3 for measurements with 

regression variable parents, are higher for body mass index and daily calories. The 

regression variable for the Year 3 blood pressure shows a dependency where none 

existed in the comparable network.

For DISC data, the use of regression variables, as shown in Figure 5.4, made 

only a slight change from the original network (Figure 4.20). This was for the final 

body mass index measurement. This dependency upon a regression variable resulted 

in a lower metric score (Table 5.4).

The execution time was 562 minutes for NGHS data and 106 minutes for 

DISC. Both of these times are greater than those for construction of the comparable 

BBN without regression variables.

5.6 Results of Dynamic Repartitioning of BBNs with Regression Variables Based on 

the MDL Metric

The previously described datasets and regression variables, from the BBN 

constructed using the MDL metric with binary equal interval discretization, were read 

into the programs using dynamic discretization based upon the MDL metric. This

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

Race

Age

o

o

o

o

o

Blood
Pressure

o

o

Body Mass 
Index

Maturation
Stage

Daily
Calories

o

o

Self
Worth

o

6

First
Year

o

Second
Year

Third
Year

Fourth
Year

Fifth
Year

W  Indicates a regression variable

Figure 5.3 NGHS network, MDL metric, with all continuous and regression variables initially partitioned using
the entropy method.

t o
ON



127

Variable All base continuous partitioned 
using entropy

All base & regression 
partitioned using entropy

Race _

Aged)

Blood pressure(l) „_ _ _ _

Body mass index(l) — _

Maturation stage (1) -1222 -1222

Daily calories (I) _

Self worth (1) — _

Age (2) — _

Blood pressure (2) _ ___

Body mass index (2) -953 -953

Maturation stage (2) -1359 -1359

Daily calories (2) . _

Age (3) _ _

Blood pressure (3) -- -1142

Body mass index (3) -1642 -1605

Maturation stage (3) -1340 -1340

Daily calories (3) . _

Self worth (3) -980 -980

Age (4) _

Blood pressure (4) , . _

Body mass index (4) -879 •844

Maturation stage (4) -1165 -1165

Daily Calories (4) -1832 -1846

Age (5) ___ _

Blood pressure (5) -1068 mmm

Body mass index (5) -1698 -1460

Maturation stage (5) -928 -928

Daily calories (5) -1000 -840

Self worth (5) -1053 -956
Table 5.3 NGHS MDL metric scores for nodes with parents with entropy discretization for 
base variables and reggression variables. Changes from previous implementation are in bold 
face.
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Variable All base continuous partitioned 
using entropy

All base & regression 
partitioned using entropy

Gender —

Treatment — ___

Age(l) — —

Total cholesterol (1) —

High density lipoprotein (1)

Triglycerides (I)

Body mass index (1) . , .

Activity level (1)

Age (2) _ _ _ _

Total cholesterol (2) —

High density lipoprotein (2) -680 -680

Triglycerides (2) _
Body mass index (2) -685 -685

Activity level (2) -787 -787

Age (3) — —

Total cholesterol (3) -140 -140

High density lipoprotein (3) -853 -853

Triglycerides (3) _ _
Body mass index (3) -1055 -1055

Activity level (3) -839 -839

Age (4) _ _
Total cholesterol (4) -1220 -1220

High density lipoprotein (4) -205 -37
Triglycerides (4) _ _
Body mass index (4) -623 -750
Activity level (4) -842 -842

Table 5.4 DISC MDL metric scores for nodes with parents with entropy discretization of 
base variables and continuous variables. Changes from previous implementation are in bold 
face.
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method was described in section 4.5. Again, parents of regression variables are shown 

in the BBN diagrams, but only to indicates the variables used in the regression 

equations.

The NGHS BBN, constructed with dynamic MDL repartitioning with 

regression variables, is shown in Figure 5.5. It differs from the comparable BBN 

(Figure 4.20) through regression variables for body mass index, blood pressure, and 

daily calories. The regression variables mediate the influence of previous 

measurements upon subsequent measurements of the same type. Using regression 

variables resulted in higher local metric scores, as indicated in Table 5.5.

For DISC data, use of regression variables led to a slight change in the 

network, as shown in Figure 5.6, from the comparable one (Figure 4.21). A 

regression variable replaced the simple dependency upon the previous measurement 

for the final body mass index. Again, the regression variable’s effects were only in 

subsequent measurements of the same type.

The MDL metric scores for the final body mass index measurement is higher 

than for the comparable BBN (Table 5.6). In this example, dynamic repartitioning 

of regression variables makes little difference.

The execution times for this method were 1180 minutes for NGHS data and 

226 minutes for DISC. This disparity is about the same as that found for the BBN 

construction with dynamic repartitioning without regression variables.
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Variable All base with entropy & 
dynamic MDL discretization;

All base & regression with 
entropy and dynamic MDL 
discretization;

Race _ _

Aee(l) ___

Blood pressured) — _ _ _

Body mass indexd) _

Maturation stage (1) -1222 -1222

Daily calories (I) , —

Selfwoithd) —

Age (2) ,

Blood pressure (2) — . .

Body mass index (2) -935 -935

Maturation stage (2) -1359 -1359

Daily calories (2) ,  .

Age (3) —

Blood pressure (3) -- -1099

Body mass index (3) -1620 -1482

Maturation stage (3) -1340 -1340

Daily calories (3) ,  . . .

Self worth (3) -980 -980

Age (4) —

Blood pressure (4) -1277 -1261

Body mass index (4) -861 -791

Maturation stage (4) -1165 -1165

Daily Calories (4) -1752 •1806

Age (5) — ___

Blood pressure (S) -1031 -1154

Body mass index (5) -1667 -1453

Maturation stage (5) -928 -928

Daily calories (5) -974 -813

Self worth (5) -1053 -1053

Table 5.5 NGHS MDL metric scores for nodes with parents with entropy and dynamic MDL 
discretization for base variables and regression variables. Changes from previous implementation 
are in bold face.
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Variable All base with entropy and 
dynamic MDL discretization

All base & regression with 
entropy and dynamic MDL 
discretization

Gender _

Treatment — —

Age(l) — , ,

Total cholesterol (1) —

High density lipoprotein (1) . —

Triglycerides (1) — —

Body mass index (1) — _

Activity level (1) . —

Age (2) — .

Total cholesterol (2) —

High density lipoprotein (2) -673 -673

Triglycerides (2) —

Body mass index (2) -673 -673

Activity level (2) -787 -787

Age (3) . .

Total cholesterol (3) -136 -136

High density lipoprotein (3) -864 -864

Triglycerides (3) ___ —

Body mass index (3) -984 -984

Activity level (3) -839 -839

Age (4) . _

Total cholesterol (4) -1220 -1220

High density lipoprotein (4) -47 -47

Triglycerides (4) -1332 -1332

Body mass index (4) -609 -575
Activity level (4) -842 -842

Table 5.6 DISC MDL metric scores for nodes with parents with entropy and MDL based 
discretization for base variables and regression variables. Changes from previous 
implementation are in bold face.
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5.7 Discussion

The use of regression variables with the base variables for BBN construction 

led to slightly more complex networks than without regression variables. This was 

found for both NGHS and DISC data and with both the K2 Bayesian and MDL 

metrics. An interesting result were regression equations across variables, with the K2 

metric, in both NGHS and DISC.

The execution times, with the additional continuous regression variables, were 

generally greater than previous one presented in Chapter 4. However, this is probably 

justified, in the context of exploratory data analysis, by the discovery of new and 

unexpected relationships between variables.

5.8 Summary

This chapter has explored the interaction between BBN and regression 

modeling of continuous variables in datasets from two epidemiological studies. The 

selection of variables for regression modelling from previously constructed BBNs is 

described here. The resulting regression equations are used in subsequent BBN 

construction to refine the BBN model.

However, these results must be tempered by reviewing some limitations in the 

use of regression (Draper & Smith, 1966). It is limited to linear combinations of 

variables, which excludes many possible inherent non-linear relationships. Regression 

equations are sensitive to the scaling of variables and to extreme variable values and 

are only an approximation of the underlying relationship between variables. Also,
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regression results may be applicable only to limited intervals over the variables’ 

ranges.

The methods of entropy discretization and dynamic MDL repartitioning, 

described in Chapter 4, were applied to the results of regression models of linear 

combinations of variables. The BBNs presented here, constructed from the same test 

data as those in Chapter 4, show more interaction between variables with generally 

higher metric scores than comparable BBNs without regression variables. This holds 

for both NGHS and DISC data and for both K2 and MDL metrics. Table 5.7lists the 

summary of total BBN metric scores with base and regression variables.

The combination of these two modeling techniques provides an enhanced 

method for exploratory data analysis. The initial BBN selects sets of relevant 

variables for regression modeling. In this way, the dependent and independent 

variables relevant to each regression model are automatically found. Then, the 

resulting regression variables are used to more clearly define the relationships among 

all variables, by their inclusion in a subsequent BBN model.
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Metric:
Dataset

All continuous base & regression partitioned using entropy All continuous base & regression partitioned using entropy; 
dynamically repartitioned using MDL;

K2 Bayesian Metric

NOHS Data -6663 . . .

DISC Data -3352 . . .

MDL Metric

NOHS Data •16640 -18841

DISC Data -7888 -8972

Table 5.7 Summary o f total BBN metric scores for entropy and M DL partitioning of base and regression variables.



6. CONCLUSION

In this dissertation, a general method for Exploratory Data Analysis (EDA) 

in large medical databases was developed. This development was done in the context 

of Knowledge Discovery in Databases (KDD) with heuristic methods. The KDD 

approach was used to avoid the limitations of exact statistical models for a general 

preliminary analysis of many variables at once, as described in Chapter 2.

Bayesian Belief Network (BBN) models provide an easily understood 

graphical model of the conditional dependencies which exist among variables in a 

medical database. A Bayesian metric, from previous research, was described. It was 

used to select a set of variables, which help predict the value of another variable in 

a BBN. The Minimum Descriptive Length (MDL) metric, based upon information 

theory, was also described from previous research. This also was used to choose a set 

of variables to predict the value of another variable. Both of these metrics were used 

to construct BBN models. Since many of the measurements in medical studies are 

continuous, methods to accurately map them to discrete variables are essential to 

BBN construction.

A brief overview of information theory was presented to explain the MDL 

metric and to provide the background for new methods for partitioning the range of 

a continuous variable. Since most algorithms for BBN construction require all 

variables to have discrete values, methods for partitioning continuous variables into 

discrete values are necessary. This partition should result in a manageable number

138
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of variable values without losing too much information from the original continuous 

values.

The fourth chapter developed increasingly complex methods to partition 

continuous variables for BBNs. The first methods partitioned a continuous variable’s 

value range into equal length intervals. This was done to provide a reference for the 

new methods presented in this dissertation. These new methods were based upon the 

information content, or entropy, of a variable. The entropy was expressed in terms 

of the probability of each variable value and the number of bits needed to represent 

that probability.

A new procedure to find an optimal number of partitions of a continuous 

variable, which minimizes both information loss and the number of partitions, was 

presented. This procedure was extended for dynamically repartitioning continuous 

variables during BBN construction, to better represent the values of the set of 

continuous variables which help predict another variable. All of the methods were 

tested on data from two medical research studies. Also, the results of using either the 

Bayesian or the MDL metric were compared for all methods of partitioning 

continuous variables.

For both sets of data and for both metrics, the most complex BBNs were 

found using the simplest methods for partitioning continuous variables. This reflected 

the bias, in both metrics, in favor of fewer variable values. Dynamic repartitioning 

of continuous variables, with the MDL metric, led to more highly connected BBNs 

than with only entropy partitioning. This was the opposite of the results for dynamic
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repartitioning with equal length interval partitioning . The new methods presented 

here, for converting continuous variables into discrete ones, led to better 

representations of the dependencies among variables for data form both medical 

studies.

The use of entropy and MDL based partitioning of continuous variables 

resulted in the clarification and simplification of the BBNs by providing an optimal 

number of values to represent continuous variables. The first two requirements of the 

thesis statement have been met.

The statistical method of linear regression was applied to sets of continuous 

variables selected from BBNs constructed using equal interval partitioning. The BBN 

model automatically selected the independent and dependent continuous variables 

for the regression models. These models were used to construct new regression, or 

canonical, variables for further BBN modeling. The regression and base variables 

were used to construct new BBNs, with the new partitioning techniques described 

above.

The BBN models constructed in this way showed more dependencies and 

higher metric scores than comparable BBNs in Chapter 4. This held for data from 

both medical studies. The combination of regression and BBN modeling techniques 

provided an enhanced method for EDA with continuous variables. This satisfies the 

third requirement of the thesis statement.

The entropy discretization method may be better suited to some types of 

frequency/probability distributions than others. Providing theoretical and empirical
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bases for selecting this method for certain distributions (or in general) is one 

direction for future research.

Comparison of the entropy discretization method with other discretization 

methods used for classification, described in Chapter 4, is a second direction for 

future research. The application of entropy discretization to the standard datasets 

used to evaluate decision trees and naive Bayesian classifiers could establish its value 

as an efficient method for data conversion for all classification algorithms.

In conclusion, the characteristics of each continuous variable in the test data 

were used to construct the BBN models for the exploratory analysis of data from 

both medical studies. These characteristics were explored in the entropy and MDL 

based partitioning methods and were used to enhance the BBN models in 

conjunction with regression models. This empirical use of continuous variables, to aid 

in modeling the relationships among many variables, is well suited for the EDA of 

medical smdies.
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I* dentan.sas 7
r SAS program to discretize one single variables according to its entropy;7

r Ellis Clarke; clarke@cs.umbc.edu; 3/6/1998; 7
r Maryland Medical Research Institute 7

r set input file directory 7 
libname dir 7udd/ejcnghs/dis298‘;

options linesize=78 ps=58;

r set input file 7  
%let indata = dir.nghs98a;

r set input variables for bbn 7  
r initially set for example data 7  
%let varl = race;
%let var2 = agel i;
%let var3 = matstgl;
%letvar4 = qi1i;
%let var5 = bp1 i;
%let var6 = tcall i;
%let var7 = selwtl i;
%let var8 = age2i;
%let var9 = matstg2;
%letvar10 = qi2i;
%let varl 1 = bp2i;
%let varl 2 = tcal2i;
%let varl 3 = age3i;
%let var14 = matstg3;
%let varl 5 = qi3i;
%let varl 6 = bp3i;
%let varl 7 = tcal3i;
%let varl 8 = selwt3i;
%let varl 9 = age4i;
%let var20 = matstg4;
%let var21 = qi4i;
%let var22 = bp4i;
%let var23 = tcal4i;
%let var24 = age5i;
%let var25 = matstg5;
%let var26 = qi5i;
%let var27 = bp5i;
%let var28 = tcal5i;
%let var29 = selwt5i;

%let ncont = 20; I* number of continuous variables input 7
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r  run SAS IML for K2 algorithm for BBN 7
7

proc iml;
r  reset noprint; 7  

reset nocenter; 
reset noname;

r BEGIN MODULE DEFINITIONS 7

r  subroutine to sort and set up data file 7 
r  for input for each continuous variable; 7

start incvfile(idx) globals (vamam);

I* set up input according to discretized variable 7  
incodel = concat("sort &indata by “,vamam[idx,1 ],";“); 
incode2 = concat("use &indata var{",vamam[idx,1

call execute(incode1, incode2);

finish incvfile;

/******** *-------
r subroutine newsplit 7
r subroutine to set up new initial partition for accumulated values 7 
/**«***♦**♦........
start newsplit(i, tfrq, Istv) global (nsplit, splitpt, pcvdat, entval, krow, oldent, cvdat);

nsplit = nsplit +1; r set for new partition of previous values 7
splitpt[1 .nsplit] = ((cvdat[i,1] + Istv) / 2.0); 
pcvdat[1 .nsplit] = (tfrq / krow);
entval[1 .nsplit] = (-1) * (pcvdat[1 .nsplit] * (log2(pcvdat[1 .nsplit]))); 
oldent = oldent + entval[1 .nsplit];

finish newsplit;

r function ransel 7
r function to randomly select 1 from 2 or more merges with same H(X) 7
^ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * i

start ransel(nsam) global (sament);

mum = int(100.0 * (uniform(101))); 
idx = mod(mum.nsam) + 1; 
nsel = sament[1 ,idx];

return (nsel);

finish ransel;
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r
r
r

END MODULE DEFINITIONS 7
7

vamam = {&var1, &var2, &var3, &var4, &var5, &var6, &var7, &var8, 
&var9, &var10t &var11, &var12, &var13, &var14, &var15, 
&var16, &var17, &var18, &var19, &var20, &var21, &var22, 
&var23, &var24, &var25, &var26, &var27, &var28, &var29};

cvar = J(1, 
cvar[1,1] = 
cvar[1,2] = 
cvar{1,3] = 
cvar[1,4] = 
cvar{1,5] = 
cvar[1,6] = 
cvar[1,7] = 
cvar[1,8] = 
cvar[1,9] = 
cvar[1t10] 
cvar[1,11] 
cvar[1,12] 
cvar[1,13] 
cvar[1,14] 
cvar[1,15] 
cvar[1,16] 
cvar[1,17] 
cvar[1,18] 
cvar[1,19] 
cvar[1,20]

&ncont);
2;
4;
5;
6 ;
8;
10;
11 
12 
13;

= 15 
= 16 
= 17 
= 19 
=  21 
=  22 
= 23 
= 24 
= 26 
= 27 
= 28

f  dimension and initialize cvar array for continuous variables 7

cnsplit = J(1 ,&ncont); r # of splitpoints for each continuous variable 7

P loop for each continuous variable 7  
do cv = 1 to &ncont;

r set up input according to discretized variable 7  
tcv = cvar[1 ,cv];

call incvfile(tcv);

r read from input dataset into an array; includes continuous variables7 
read all into cvdat; /* read all variable into cvdat array 7

close &indata;

if (cv = 1) 
then do; 

krow = nrow(cvdat); 
splitpt = J(1 ,krow,0); 
pcvdat = J(1 ,krow,0); 
entval = J(1 ,krow,0);
tsplit = J(&ncont,krow,0);

r close input file 7

r set up arrays on 1 st loop iteration 7

r number of input rows (observations) 7
r array for partition split points 7 
/* array for probabilities of each partition 7  
r array for entropy of each partition 7
I* array for all variables' split points 7
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sament = J(1 ,krow,0); /* array for same entropy values 7
end;

else do; 
splitpt[1,] = 0; 
pcvdat[1,] = 0; 
entval[1 ,j = 0; 
sament[1,] = 0; 
end;

r  read through cvdat array, find initial split points and initial probabilities 7

Istval = cvdat[1,1J; 
tmpfrq = 0;
nsplit = 0; /* number of spiitpoints (partitions) 7
oldent = 0; /*oldH(X)7

do i = 1 to krow;

if (cvdatp,1] = Istval) /* check for value match 7
then do;
tmpfrq = tmpfrq + 1; 
end; 

else do;
call newsplit(i, tmpfrq, Istval); r set up new initial partition 7
tmpfrq = 1; r reset variables 7
Istval = cvdat[i,1];

end;

End; /* end i 7

r  set up last partition 7  
Istval = cvdat[krow,1] +1.0; 
i = krow;
call newsplit(i, tmpfrq, Istval);

I* keep initial max H(X) (yO) and max partitions (xO) 7  
initent = oldent; 
initk = nsplit;

entpar = J(nsplit,2,0); r array for nsplit partitions and H(X) 7
entparpisplit,1] = nsplit; 
entpar[nsplit,2] = oldent;

r  combine partitions until best found 7

oktogo = 1;
oldchek = 0; r initialize (x0*y - y0*x) 7

do while (oktogo = 1);

r  find 2 partitons to combine with minimum decrease in H(X) 7
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entdif = oldent; 
do k = 1 to (nsplit - 1);

P find new H(X) for each combination 7
j = k +1;
tmpprb = pcvdat[1 ,k] + pcvdat[1 ,j];
ent2 = (-1) * (tmpprb * (log2(tmpprb))); r  find p(x) for combined x *
tmpent = oldent + ent2 - (entval[1 ,k] + entval[1 ,j]); r  find new H(X) 7
tentdif = oldent - tmpent;

if (tentdif = entdif) r check for same difference in H(X) 7
then do;

nmin = nmin + 1; 
sament[1 ,nmin] = k; 
end;

if (tentdif < entdif) /* check for smaller difference in H(X) 7
then do; 
entdif = tentdif; 
par2 = k; 
split2 = j; 
newent = tmpent; 
nmin = 1;
sament[1 ,nmin] = par2; 
end;

end; /* end k 7

r check for optimal splitpoint 7  
newchek = (initk * newent) - (initent * (nsplit -1)); 
if (newchek > oldchek)
then do; r set for 1 less partition 7

if (nmin >1) r check for more than 1 minimum H(pk) 7
then par2 = ransel(nmin);

j = par2 + 1; /* combine selected partitions 7
pcvdat[1 ,par2] = pcvdat[1 ,par2] + pcvdat[1 j];
entval[1 ,par2] = (-1) * (pcvdat[1 ,par2] * (log2(pcvdat[1,par2])));

F adjust splitpt array 7
do k = par2 to (nsplit -1); 
j = k + 1;
splitpt[1,k] = splitpt[1,j]; 
end;

splitpt[1 .nsplit] = 0; 
nsplit = nsplit -1;

oldent = newent; 
oldchek = newchek;

entpar[nsplit,1] = nsplit; 
entpar[nsplit,2] = oldent;

end;
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else oktogo = 0; /* optimal number of partitons already found 7

if (nsplit = 1) then oktogo = 0;

end; /* end while 7

I* save results 7

do k = 1 to nsplit; 
tsplit[cv,k] = splitpt[1 ,k]; 
end;

cnsplit[1 ,cv] = nsplit;

end; /* endcv7

r set up output array for all variables 7

maxsplit = max(cnsplit); 
csplit = J(&ncont,maxsplit,0); 
do k = 1 to &ncont; 
do j = 1 to maxsplit; 
csplit[k,j] = tsplit[k,fl; 
end; 

end;
create dir.cvnsplit from csplit; 
append from csplit;

quit;

I* print splitpoints from file 7  
proc print data=dir.cvnsplit; 
run;
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