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Abstract-- This paper deals with an important probabilistic knowledge integration problem: revising
a Bayesian network (BN) to satisfy a set of probability constraints representing new or more specific
knowledge. We propose to solve this problem by adopting IPFP (iterative proportional fitting
procedure) to BN. The resulting algorithm E-IPFP integrates the constraints by only changing the
conditional probability tables (CPT) of the given BN while preserving the network structure; and the
probability distribution of the revised BN is as close as possible to that of the original BN. Two
variations of E-IPFP are also proposed: 1) E-IPFP-SMOOTH which deals with the situation where
the probabilistic constraints are inconsistent with each other or with the network structure of the
given BN; and 2) D-IPFP which reduces the computational cost by decomposing a global E-IPFP
into a set of smaller local E-IPFP problems.
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1. INTRODUCTION

Consider a probabilistic knowledge base in the form of a Bayesian network (BN) G of n
variables x = (x,,L ,x,) . Denoting the set of parents of variable x, as /,, the BN
consists of two parts: 1) G, =!"x#/,$¢, the network structure that captures the
interdependencies among variables in G; and 2) #, =!1'$.#/. $, the set of conditional
probability tables (CPTs) that represents the degree of the interdependencies. It is
assumed that " WS HL where u is any variable other than descents of x:.
Base on this conditional independence assumption, the joint probability distribution
(JPD) of G can be computed by the following chain rule [12]
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P(x) = H?:lp(xi ‘ ﬂ.i)‘ ()

The knowledge base G may need to be revised when more up-to-date or more specific
information of the domain or parts of the domain becomes available. This information is
often given in the form of lower dimensional distributions Q,(y’ ! x), called probabilistic
constraints, or constraints for short. For example, considering a BN for heart disease
diagnosis whose variables includes all important factors affecting this disease, including
drinking, smoking, among other things, and the BN has the marginals Pi(drinking, heart-
disease) and P2(smoking, heart-disease) relating these factors to heart disease. A more
recent survey concerning effects of drinking on people’s health, which may employ better
survey methods or be drawn from a particular population, can generate a more accurate
or more specific correlation between heart disease and drinking behavior, represented as
a joint distribution Qi(drinking, heart-disease). Similarly, a distribution Qx(smoking,
heart-disease) can be found from another survey concerning effects of smoking on
people’s health. To integrate into the diagnosis system the knowledge of Q1 and O,
which are typically different from Pi and P2, the BN needs to be revised so that its
distribution satisfies these constraints.

It is desirable that the revision is restrained to G, (the CPTs) while keeping the
structure " | unchanged. This is because, among other things, the qualitative knowledge
of " is more reliable and stable than the quantitative knowledge of G, . It is also
preferred to minimize the change when revising G by these constraints so that the
existing knowledge is preserved as much as possible.

We propose to solve this problem by adopting Iterative Proportional Fitting Procedure
(IPFP). IPFP is a mathematical procedure that iteratively modifies a JPD to satisfy a set
of probability constraints while maintaining minimum Kullback-Leibler distance (also
known as I-divergence [3, 7, 18]) to the original distribution. The procedure repeatedly
iterates over the constraints and modifies the current JPD using one constraint at a time
until convergence. One would think our task of BN revision can be accomplished by first
applying IPFP to P(x), the JPD of the given BN, and then generate CPTs from the
converging JPD. This approach does not work well for at least three reasons. First, the
revised JPD resulted from the IPFP, although satisfying all the constraints, may not
always be consistent with the interdependencies imposed by the network structure, and
thus cannot be used to generate new CPTs properly. Secondly, IPFP converges only if all
constraints are consistent with each other, it thus cannot be applied to inconsistent
constraints. Thirdly, because in each iteration IPFP modifies every entry of P(x) whose
size is exponential in the number of variables in the BN, it becomes computationally
intractable with large BNs.

In this paper, we present our solutions to these problems. The first problem is resolved
by algorithm E-IPFP, which extends IPFP by casting the structural invariance as a new
probability constraint. The second problem is dealt with by algorithm E-IPFP-SMOOTH,
which modifies both the current JPD as well as the constraints in each iteration so that the
inconsistency is gradually reduced or smoothened. The third problem is eased by
algorithm D-IPFP, which decomposes a global E-IPFP into a set of smaller, local E-IPFP
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problems, each of which corresponds to one constraint and only involves variables that
are directly relevant to those in that constraint.

The rest of this paper is organized as follows. Section 2 states precisely the BN
revision problems we intend to solve. Section 3 gives a brief introduction to IPFP, which
is the basis of our algorithms. E-IPFP and its convergence proof are given in Section 4.
Section 5 describes E-IPFP-SMOOTH for constraints that are inconsistent with each
other or with the structure of the given BN. Section 6 presents D-IPFP together with
computer experiments demonstrating its effect in saving computing time. Section 7
concludes with comments on related works and suggestions for future research.

2. The Problem

We adopt the following notations for the rest of this paper. To distinguish variables and
their instantiations, we use capital letters X , Y, Z, ... for a set of variables, and x an
instantiation of X. Individual variables are indicated by subscripts, for example, X; is a
variable in X and x; its instantiation. Capital letters P, O, R, ... are for probability
distributions, and bold P, Q, R .... for sets of distributions. A BN of variables X is
denoted as G(x), #,1$" =#!$ ¥ . "¢ denotes the structure (i.e., the DAG of G(x)), and
#,1$" =# $. §. "Cthe set of conditional probability tables (CPTs) of G(x). The JPD of
G(x) isg"$pt="_#'$ $. - !. denotes a set of JPDs sharing the network structure " .
A probability constraint " # " to Xis a distribution on variables " '1 # .R=1""# '#$
denotes a set of constraints, and ! , the set of all JPDs that satisfy all constraints in R.

Definition 1. A JPD P(x) is said to satisfy constraint " W' if "Ig# " =$ 1#".

We use [-divergence (also known as Kullback-Leibler distance) to measure the
distance between two distributions P and Q on X [3, 7, 18].

Definition 2. /-divergence from JPD P(x) to O(x) is defined as

| IRl
T I O "
gy st | < o
&% %*+,-.",
where " <<! means O dominates P (ie, 11" # $ o’ # "1 #'$ ). Note that

#$ ## 1 1 for all P and Q, the equality holds only if P= Q.

Definition 3. O(x) is said to be an I-projection of P(x) on the set of JPD | 11" if
|

W $o48" | Ly ol
The problem of BN revision we are to solve is stated formally as follows. For a given

HIS" =1 # "with JPD P(x) and a set of constraints ! :#"!g! %’# "SI P& 2,

constructanew BN # 1=% '# . withJPD | I" #meeting the following conditions:
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C1: Constraint satisfaction: " '#'#=$ , #"' #B$, #™ #;
C2: Structural invariance: " | 2 | ;

C3: Minimality: 11" "## 1is as small as possible.

Definition 4. A set of constraints | =#' ' %&# $! %& ' is said to be consistent with
each otherif I, 1" "Rissaid to be consistent with »  if I 1  "# "

Note that, if R is consistent with ", then condition C3 requires that | ' be an I-
projection of Pon |

Definition 5. ##', "1 !is called a CPT extracted from " "!! according to " #" if 1,
is determined by " #". A BN | " #is said to be extracted from P(x) ac'cording to
" grif ! 2 andevery CPTin " ! is extracted from P(x) according to ", #".

For a given P(x) and" | #", extracting CPTs ##', "! ! is unique and this can be done
by computmg P(r;) and P(x;,m;) from P(x) through marginalization. Also note that
the JPD P'(x)= 17, P(x, | z,) of 1 ™ #might not be equal to P(x) even though the
conditional distributions of ",, given !, are the same in both P and ! '. This, as can be
seen later in Section 4, is because certain conditional interdependencies in ! !, dictated by
" #", donothold for P. Conversely, if | '™ #= "" {then P(x) satisfies C2.

3. A Brief Introduction to IPFP

Iterative Proportional Fitting Procedure (IPFP) first appeared in the literature in [6], and
shortly after was used as a procedure to estimate cell frequencies in contingency tables
under some marginal constraints [4]. Csiszar [3] provided a convergence proof for I[PFP
based on I-divergence geometry. Vomlel rewrote a discrete version of the proof [18].
IPFP was extended in [1, 2] as Conditional Iterative Proportional Fitting Procedure
(CIPFP) to also take conditional distributions as constraints, and the convergence was
established.

IPFP has recently been suggested as a tool for modifying a JPD by probability
constraints [18]. Specifically, for a set of constraints | =#' &' %&# $! %&# & and
an initial JPD Qo, the IPFP procedure is carried out by iterétively modifying the JPDs
according to the following formula, each time using one constraint” %% " in R:

#S U ‘&= "
/(‘#($§0 P
ﬁ %, #& $
where 1=11"1"# $%&# # determines the constraint used at iteration k£ , and m is the

number of constraints in R.

What (3) does at step k is to change " ,,"!! to " ,"!! so that #.1$'" =9%! $". It has
been shown that, at each step of IPFP, ", is the I-projection of *,,,on !, for the chosen
constraint " # '" [18]. For a given initial distribution " ,"!! and a set of consistent
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constraints R, IPFP converges to " #"!! which is an I-projection of | , on !, . In other
words, " #"11 satisfies our requirements C1 and C3. For clarity (with the understanding
that " A" =1 if #. "$'#= 9), in the rest of this paper we write the above formula as
#,"$'#
%" &= %, " &——— G-

4. Algorithm E-IPFP

Foragiven # =W % . #andR =""#'$% " %¢ ' #, our task is to find a JPD " #"!! such
that 1) " ‘% # | (meeting Cl); 2) #''$# !. (meeting C2); and 3) " #"!1 is as close to
the JPD of G as possible. Since our methods are based on IPFP, C3 will be achieved to a
degree by the iterative projections. In the rest of this paper, we will focus on C1 and C2.

One may think that the integration can be done by first applying IPFP to the JPD of G,
#,# %" %M P, using constraints in R until it converges to JPD " #"11, and then
extracting CPTs " '# # ! from " #"11 according to " ¥". However this would not
work, as can be seen by a simple example in Figure 1.

B A|B|C |Q0(a,b,c)
T F T|T|T 0.1200
T 0.3/0.7 T|T|F 0.0300
F 0.6 0.4 T|F|T 0.2800
T|F|F 0.0700
A C F|T|T 0.1500
A T|F F|T|F 0.1500
T F T 0.8]10.2 F|F ([T 0.1000
0.5 ]0.5 F 0.5]0.5 F|I|F|F 0.1000 "
(a). A three node BN, its CPTs, and its JPD Qi (x).
A
T F
0.5243 | 0.4757
A|B | C | Ql(ab,c) A B A|B [ C | Q(abc)
T|T|T 0.16000 T F T|T|T 0.1305
T|T|F 0.00667 T |0.3179 | 0.6821 T|T|F 0.0362
T|F|T 0.25053 F | 0.4905 | 0.5095 T|F|T 0.2800
T|F|F 0.10706 T|F|F 0.0776
F|IT|T 0.20000 A C F|T|T 0.1420
F|T|F 0.03333 T F F|T|F 0.0914
F|F|T 0.08947 T |0.7831 | 0.2169 F|F|T 0.1475
F|F|F 0.15294 F | 0.6085 | 0.3915 F|F|F 0.0943 |[n

(b) CPTs extracted from the converging Q-, and the JPD QO generated from these CPTs.

Figure 1. A three node BN and its JPD after IPFP with constraint R(b, c).

Figure 1(a) gives a simple BN of three binary variables 4, B, and C, its initial CPTs
and its JPD ! ™ #$# . This BN will be used as an illustrative example throughout of this
paper. The JPD | ™ #3$# (on the left of Figure 1(b)) is obtained by modifying the
original JPD of this BN with constraint Ri(b, ¢) = (0.36, 0.04, 0.34, 0.26) by (3) of IPFP.
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One can easily verify that | " #$# satisfies Ri. The I-divergence from Q" to the Q, is
0.1674, which is minimum among all JPD that satisfy R1.

New CPTs for 4, B, and C (in the middle of Figure 1b) extracted from Q1 according to
the network structure give a new JPD | "#$ $06 | W %! $#'& % (on the right of
Figure 1(b)). Note that ! lis different from !, and it does not satisfy constraint Ri any
more. This is because IPFP does not preserve the network structure when modifying the
JPD by (3). In particular, note that the conditional independence between B and C, given
A, given in the original BN in this example does not hold in ! ,. Therefore, ! , meets C1
and C3 but not C2 while ! 1 satisfies C2 but fails C1. In other words, IPFP works well if
our purpose is to integrate constraints into a JPD but is inadequate if we also want to
preserve the variable interdependencies given in the original BN.

4.1. Structure constraint

To overcome this problem, E-IPFP extends the standard IPFP by treating the BN
structure as an additional constraint, called structure constraint,

%, &_$;$;$ i & $! ’ )
where %" # $.. By (4) ", ##is the JPD of a BN whose CPTs are extracted from
" a4"11 according to the network structure. Unlike all constraints in R, which are
typically low dimensional distributions, this structure constraint is on all variables in X.
By (3) and (4), this constraint, when applied at iteration k, changes ", ,"!! to
%" &=, &iEH#, %, "&8, , and thus forcing " #" meeting C2, the structural
invariance requirement. Therefore, when applying IPFP with constraints in R
plus"  "##, both C1 and C2 are satisfied by the converging JPD. The algorithm E-IPFP
is stated as follows

E-IPFP(#1$"=1##. " | =#'$. 8" , )
l#,#8%".%% P where "#,"/ #$.;
2. Starting with k£ = 1, repeat the following steps until convergence
2.1.j = ((k-1) mod (m+1)) + 1;

2.2.if j <m+l
#’..$!#
%" &= %, " &0/ ! —
Q,
2.3. else

extract #,.,'$. #. from ", #%#according to" ;
% 8 =" V% ot "1,
2.4 k=k+l,
3.return G1="G #, ‘With $! =% # ¥, 9

Note that E-IPFP is exactly the same as IPFP except Step 2.3 in which we first extract
the CPT for each variable from " ,,"!'! according to the network structure and then form
and apply the structure constraint as given in (4). For practical purpose, convergence of
E-IPFP can be determined by testing, after every m+1 iterations (i.e., at the end of Step
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2.3), if the difference between " ,"!! and #,,.,.,'$#is below some given threshold by
some metrics such as I-divergence or total variation.

4.2. Convergence of E-IPFP

During the iteration process in E-IPFP all constraints remain constant except ", ,, , which
changes its value after every iteration of the outer loop (Step 2). In other words, the I-
projectionon !, !l ¢ is chasing a moving target. Moreover, it can be easily shown that
I itself is not convex while convexity of !. for all constraints R; is the basis for IPFP’s
convergence [3, 18]. Therefore, the convergence proof for standard IPFP does not apply
when the structure constraint is added.

Now we analyze the convergence of E-IPFP. In an earlier work [11] we have shown
that, for the standard IPFP on initial JPD ! " #with a set of consistent constraints,
I =#'$. 8", , the converging JPD Q* can be obtained by modifying ! ," #by a
single composite constraint RYy), where " =»'1 " 11 ' . This composite constraint can
be computed by applying IPFP to ! " #with | =#' $. &' , . Therefore, it suffices to
prove the convergence of E-IPFP with R containing a single constraint.

Denote the following:

¥# # $#..8 "# /%: JPD of the given BN# =W # . #
¥ R(y): the constraint;

|
Yo $ H S #;f#—i &Y6%'() %+ -.) B 1 R%.3%. ; 1
W B H . % 18] & Yo" HH()H(-. (- IO+ LA IBHIGT HO(H2+# FELIA |
YoB, S S, $##!T§#—i &Y%%' ()% +, - )BL1R%.3%  #, 5%

Points of Qo through Qs are depicted in Figure 2 below.

Figure 2. Successive JPDs from E-IPFP

Without loss of generality, the convergence of E-IPFP can be established by showing

i.e.,, in successive iterations the I-divergence between the two end-points of the I-
projection to !,,..#is monotonically decreasing. Since # %.! ! . and !, is an I-
projection of Q2 to !, .#while Q1 is not, we have by Definition 3
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IIIIII|Il|||l|||IlIIII|IlIIIIII|I|Il|l||l||ll||||llllﬁl! %%! "& #: $ |

Therefore, (5) holds if
st S %061 & S, M rog
Denoting

the convergence of E-IPFP is given by the theorem below. The proof is given in the
appendix.
!

Th;eorem 1. For any given BN # =W '# . #and R(y), 1 11" #.

By Theorem 1, E-IPFP moves alternately between two sequences of JPDs (Qo, 0a,...)
and (Q1, 0s,...), which are points in the two sets !. and!,,., respectively. At
convergence, the two sequences approach O and Qax+1, respectively. If R(y) is consistent
with Gs, then the two sequences merge into one and both C1 and C2 are met. If R(y) is
inconsistent with Gs, then the distance between Qx and Qx+ is greater than 0 since
I. It =" ,and in this case we say E-IPFP converges to a limit cycle of Qx and Qa+1.

When E-IPFP is applied to the example in Figure 1, it converges to a single JPD after
27 iterations with! 11"= #$96& '. Here each iteration goes through both constraint
Ri(b, c¢) and the structure constraint once. The converging JPD and the three CPTs
extracted from the converging JPD are given in Figure 3 below. It can be seen that 1) the
constraint Ri(b,c) is satisfied by | 1™ # & ., i.e., Cl is satisfied; 2) although R only
involves variables B and C, all three tables are modified from their original values; and 3)
PIm# G & "I @ 1og$ 1" ¢ ie., C2is satisfied. The I-divergence from Q* to the
JPD of the original BN is 0.5557, which is larger than the I-divergence of 0.1674 for the
JPD from standard IPFP (see Figure 1). This is to be expected because one more
constraint (the structure constraint) is used in E-IPFP.

A
T | F
05294 [ 0.4708
A|B | C | Qfabc)
N B T|(T|T 0.3434
T F T|T|F 0.0164
T |06795 | 0.3208 T|F|T| o160
F | 00855 | 0.9145 TTFTF 1 oo
- F|T|T 0.0167
I T F|T|F 0.0236
T | 0.9544 | 0.0456 FIF|T| o171
F | 04135 | 0.5862 F|F|F 0522 ||

Figure 3. E-IPFP result for the single constraint R-(b, ¢)

5. Inconsistent Constraints

When constraints are inconsistent either with each other or with the BN structure, there
does not exist a JPD that satisfies all constraints and BN structure. Therefore, E-IPFP will
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not converge to a single point but rather it oscillates between some JPDs each of which
satisfies some constraints but not others. At this point, we could stop the attempt to
integrate the constraints into the given BN and try to resolve the inconsistency first.
Alternatively, we can try to find an approximate solution that satisfies the constraints as
much as possible. An easy solution for this would be to take the average of these
oscillating JPDs. This may work for IPFP for general JPDs but not for E-IPFP because
averaging will destroy the interdependencies given in Gs, thus failing C2. We have
developed an algorithm SMOOTH to deal with inconsistent constraints for IPFP in
general JPD [21, 14]. Now we adopt it to E-IPFP for BNs.

Note that, both IPFP and E-IPFP only modify the joint distribution ", % # while
keeping the constraints in R unchanged. Algorithm SMOOTH differs in that it makes the
modification bi-directional: at each step, not only ", % # is modified to satisfy the
constraint but the constraint is also modified to be closer to " ,,, # #. Specifically, before

" 44"111s to be modified by constraint " 1 " at step &, SMOOTH will first modify the

constraint by
B S H 8 S M % W ®)
where | | / < is the smoothing factor.
(8) modifies " # !"to include a small portion of #.,,"$'#, a marginal from the JPD
resulted from step £ — 1. Since " |,, can be seen as the result of a sequence of revisions by
all other constraints, intuitively, (8) has the effect of pulling !'. closer to !. !!! #H#thus

reducing or smoothening the inconsistency among the constraints.
Incorporating SMOOTH into E-IPFP, we have algorithm E-IPFP-SMOOTH:

E-IPFP-SMOOTH(#'$"=1# # . ", | =#'$. & , )
1! #,#$".%% M where "% "/ #$.;
2.l Starting with k = 1, repeat the following procedure until
convergence
2.1.j = ((k-1) mod (m+1)) + 1;
2.2.04f j < m+]
BB H, S H T Bb., B

#"$'#
%, " $#

%" &= %, " &

2.3. else
extract #,.,'$. #. from ", # #according to " ;
% #Bl =" £ 06 #5 "1, 1;
24. k=k+l,
3. return G1="G, #, with $, =% #& ¥, %

Algorithm E-IPFP-SMOOTH differs from E-IPFP only in Step 2.2 where it modifies
the selected constraint by (8) before the I-projection over this constraint is performed. As
a result, the BN structure is preserved as with E-IPFP, but the constraints are only
approximately satisfied. Also note that the smoothing (Step 2.2) only applies to real
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constraints in R, not the structure constraint Ruw+1. To ensure that the smoothing is
unbiased a should be chosen as very close to 1. However, when a is too close to 1, the
convergence becomes very slow with a long tail of QO of little changes. Therefore, when
the process gets closer to the convergence point, we can afford to use smaller a for a
faster convergence."The best schedule for decreasing / from our experiments"is to use a
sigmoid function [14]:

T —————.nn——n_
B L I

With large 4 and small B, a is close to 1 at the beginning (k is small), and close to 0
when k becomes very large. a decreases very slowly at the two ends, but fast in the
middle. Parameter 4 controls how long / is to remain close to 1 (longer for larger A4)
and B controls how fast / decreases in the middle (faster for smaller B).

To illustrate E-IPFP-SMOOTH, we apply the algorithm to the BN given in Figure 1
with two constraints: Ri(b,c) = (0.36, 0.04, 0.34, 0.26) and R2(a) = (0.1,0.9). Although
there exists some JPD QO(a, b, ¢) that satisfies both R1 and R», it can be shown that no BN
with this given structure can satisfy both. In other words, R = (R1, R2) is inconsistent with
the BN structure Gs. The running results of this example using both E-IPFP and E-IPFP-
SMOOTH with a constant ! = 0.95 are given in Figure 4 below.

®

Q)  [QQk+1) | Q(kt+2)
0.12624 | 0.10000 | 0.10000
0.00000 | 0.00000 | 0.00000
000000 | 0.00000 | 0.00000
000000 | 0.00000 | 0.00000
023376 | 0.24078 | 0.18515
0.04000 [ 0.04120 [ 0.09862
034000 | 0.35021 | 0.40563
026000 | 0.26781 | 0.21219

=3 [ | [y [t ot |t [ [0
v | g [t [t [t [ |t | |
vy | [ [t [0 [t | | |0

(a)! Three successive JPDs from E-IPFP after 60 iterations

A
T F
0.1213 | 0.8787

A | R2(a) A | Qx(a) A B C |@*(a,b, c) B
T 0.1000 T 0.1213 T T T 0.09342 A T F
F_| 0.9000 F | 0.8787 T|T|F 0.00376 T | 0.8008 | 0.1992

T | F | T|] 00215 F | 03506 | 0.6454
B | C R1(b,c) B | C R*(b,c) T F F 0.00093
T | T | 03600 T | T | 02957 F | T [T 020230 c
T | F | 0.0400 T | F | 0.1095 F T F 0.10572 A T F
F | T | 03400 F | T | 03980 F | F [ T | 037478 T [ 0.9612 | 0.0388
F | F | 0.2600 F | F | 0198 F| F | F| 019588 F | 0.6568 | 0.3432

(b) Single JPD O* from E-IPFP-SMOOTH after 80 iterations.
Figure 4. Results for E-IPFP and E-IPFP-SMOOTH with constraints inconsistent with the network
structure.
It can be seen from Figure 4(a) that, because R is inconsistent with Gs, E-IPFP does
not converge to a single JPD but rather cycles through three JPDs where Q(k) satisfies
Ri(b, ¢) but not Ra(a), Q(k+1) satisfies Ra(a) but not Ri(b, c¢), Q(k+2) satisfies the
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structure constraint and R2(a) but not Ri(b, c¢). However, when E-IPFP-SMOOTH is
applied (Figure 4(b)), it converges to a single JPD O* (in the middle). It can be verified
using the CPTs extracted from Q* on the right of Figure 4(b) that O* satisfies the
structure constraint. On the other hand, since the two constraints are modified in each
iteration, O* does not satisfy them, as can be seen from the small differences between
Ri(b, ¢) and Q*(b, c) and between R2(a) and O*(a) given on the left of Figure 4(b).

E-IPFP-SMOOTH can also be applied to integrate constraints that are inconsistent
with each other, as shown in the next example which uses the constraint Ri(b, ¢) as before
and a new constraint R3(a, b) = (0.06, 0.14, 0.54, 0.26). Note that the marginals Ri(d) =
(0.4, 0.6) but R3(b) = (0.6, 0.4), therefore no JPD, let along any BN, can satisfy both Ri
and R3. Again, E-IPFP converges to a cycle of three JPDs in 60 iterations and E-IPFP-
SMOOTH to a single JPD Q" in 120 iterations. The results are given in Figure 5 below.

Qk) |QUk+1) |Q(k+2)
0.00000 | 0.00000 | 0.00000
0.03408 | 0.06000 | 0.06000
0.00000 | 0.00000 | 0.00000
0.25101 | 0.14000 | 0.14000
0.35000 | 0.53127 | 0.52959
0.00592 | 0.00873 | 0.01041
0.34000 | 0.25330 | 0.25499
0.00899 | 0.00670 | 0.00501

g [ v [ |t [ |t ot [
g [ |t [t |0 [ |t |t [
g [t |8 [ |0 [ | |t |

(a) Three JPDs from E-IPFP after 60 iterations

A
T F

A B R3(a,b) A| B | @k(a,b) 0.24687 | 0.75313
T T 0.06000 T | T | 0.05170
T F 0.14000 T|F | o019517 ? g g Q*o(oa;ol.:,:s Al M B
F T | 0.54000 F| T | o0a4a710 - T F
F F 0.26000 F|F 0.30603 T|T|F 0.04134 T | 0.2094 | 0.7906

T|F]T| 003512 F | 05937 | 0.4063
B C Ri(b,c) B| C | Qb,c) T|F|F 0.15605
T T 0.36000 T|T | 040979 F|T|T]| o039943 A [
T F 0.04000 T|F [ o0.080: F|T|F | o04767 T F
F T 0.34000 F|T| 031252 F|F|T| o273 T | 0.2004 | 0.7996
F F 0.26000 F | F | o.8s68 F|F|F | 00363 F | 0.8934 | 0.1066

(b) Single JPD from E-IPFP-SMOOTH after 120 iterations

Figure 5. Results for E-IPFP and E-IPFP-SMOOTH with inconsistent constraints.

Convergence of SMOOTH with standard IPFP for two constraints that are inconsistent
with each other has been established earlier [14]. Now we show E-IPFP-SMOOTH
convergence for constraints that are inconsistent with the BN structure Gs. Similar to
Theorem 1 we show it for a single constraint R(y) that is inconsistent with Gs.

Theorem 2. For any given BN # =W % . #and constraint R(y) inconsistent with Gs,
E-IPFP-SMOOTH converges to Q* consistent with Gs.
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Recall that from Theorem 1 we have!%, "&& ! " % 4 ¢ where, as shown in Figure
2, Os is an I-projection of Q> to !, ,..#f E-IPFP is used. Now with E-IPFP-SMOOTH,
R(y) is modified by (8) to

L% SN HS W S (10)

Let ! " be the I-projection of 02 to !, $using I '™ #. The convergence of E-IPFP-
SMOOTH can then be established by showing 1&. ™ , ( " & ", . This can be done by
showing that

I$ . %%! & $, ¢ (11)

Intuitively, since ! '™ #contains a portion of Ox(y), ! "% §would be more similar and
closer to O2(x) than ! ,* #, so (11) holds. The formal proof of Theorem 2 is given in the
appendix.

6. D-IPFP

When " 4,"!! is modified by " % ' by (3) of IPFP, it checks each entry in " , "I
against every entry of " ' . The cost of (3) can thus be roughly estimated as
$"# U# Y, which is hlige when |X]| is large, making the process computationally
intractable for BN of large size. Since by the chain rule of (1) the joint distribution of a
BN is a product of distributions of much smaller size (i.e., its CPTs), the cost of E-IPFP
may be reduced if we can make use of the interdependencies of the variables represented
by the network structure. This has motivated the development of algorithm D-IPFP which
decomposes the global E-IPFP, the one involving all variables in X, into a set of local E-
IPFP, each for one constraint " | I# '", on a small subnet of G that contains" !|

First we show that algorithm E-IPFP only changes CPTs for variables in the given
constraints and their ancestors. Consider a BN G(x) with JPD #,'$#=# ... # § $§
and a single constraint R(y) consistent with Gs. Let D1 be the set of all variables in Y and
their ancestors and D>"= X\ Di. Variables in Di and their CPTs form a BN, which is a
subnet of G(x), denoted G(d1), with JPDu$. 86 $=# .., $ & R6. When applying (3) to
", ¥ #with constraint R(y) we have ‘

&# $ &#S$ '

(3 ) #-($#"!T$: $g3q )t !#'(&Ig#_%ﬁ% o

Since " ,,, # #is completely determined by CPTs of variables in D1, applying (3) on
", # #of G is equivalent to on the subnet G(d1) while keeping CPTs for variables in D>
unchanged. Therefore, when the structure constraint is applied (step 2.3 of E-IPFP), only
CPTs for variables in D1 need to be revised. If Di is a small subset of X, substantial
saving can be achieved by doing E-IPFP on the subnet G(d1). However, when D; is large,
the computation is still intractable. To further reduce the complexity, we have developed
D-IPFP in which E-IPFP is performed in a further restricted subnet containing only
variables in Y and their parents.

# (12)
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6.1. Algorithm D-IPFP

Let =11 7 "## i.e., S contains parents of all variables in Y except those that are also
in Y. We call S the cap of Y. D1 can be partitioned into three parts: Y, S,
and!, 9 . #$# . (Examples of Y and related S, D1, D2, D3 are given in Subsection
6.2 for a 15 variable BN of Figure 6). For subnet G(d1), S d-separates ¥ and D and thus Y
and D; are independent of each other, given S. In other words, Y is capped by S and,
when § is instantiated or its distribution is fixed, any change on Y is shielded from
spreading to any variable in Ds. By this conditional independence, the JPD for G(di) can

be expressed as
VH SEH#E'% %HS S4B &S HPS!LB LR IQB #3

Since ! ™ # ! does not contain any variable in Y, %'&#'$$..,,, %[ S and
$196" &#.., $' "7 - Combining this with (12), when R(y) is used at step k we have

o8 % (P % .
$%9 ,f $%— &, I $ %(& ./ . (13
)59 s Ty s LR g @ s (13)

This suggests that we can keep all CPTs for variables not in ¥ unchanged and use E-
IPFP to modify only those for" 1# as given in the first term in (13). One problem
arises: since " ,,, % # s a conditional distribution but Qw1(y) is not conditioned under s,
the first term in (13), is in general not a probability distribution. This can be resolved by

normalization
$'H S S B (14)
' ' $,.#S
with normalization factor
T %f% (15)

Take a closer look at this term. Let

$H%SS, ##%%—%E then
$,.#$

"B %S %##M#DOSB ”,"# 3 (16)
‘ N "!!"#IC'$"!.?,:}#,:,(:$
Comparing (14) and (16), we have /. =" . # $%# # From (16) we can see that

" #$) is computed by applying two constraints to ", ,#$ ¢ first is R(y), the second is
", ¥4, called cap constraint since it forces the marginal of S to remain to its current
value of " # #and thus caps the changes in Y’s CPTs from spreading to variables in Ds.
For efficiency reason, we suggest using (15) to compute g, , to avoid computing Q; "s#
Note that, 1) the JPD after the second modification (using the cap constraint) may not
satisfy constraint R(y), and 2) to extract CPTs from " #$), the structure constraint for
variables in Y needs to be applied to modify CPTs for variables in Y while keeping CPTs
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for all other variables constant. This is the core of algorithm D-IPFP, which is given
below where the cap of Y/ for each constraint R,(y’), is denoted as §-.

D-IPFP(G(x)=(G,,G,), R={R,R,L R})

1l#, 88" ,%# P where "% "/ #$.;

2.IStarting with k£ = 1, repeat the following procedure until convergence
0 -J = ((k-1) mod (m+1)) + 1

(v | s7) = /,j.R,.(y/)

22 G0 150 =018 5
23 Qk(xi ‘”[)ZQI:—l(xi |7Ti) VX, ey’
24. k=kt1,

3.keturn Gl="G, #5, ‘with $; ="%#& 9, %

'ﬂk—l;

Step 2.2 in D-IPFP applies two constraints, R (y/) and the cap constraint (by S, ).
Step 2.3 applies the structure constraint for variables in y/. Note that, each iteration
(Step 2 in D-IPFP) only applies the three constraints once, not iterates to convergence for
the given R (/). We made this choice for efficiency reason because Q, ,(s/) may be
changed after applications of other constraints in R if their constraint variables or their
caps overlap with that of other constraints.

The convergence of D-IPFP could be established analogous to the convergence proof
of E-IPFP (i.e., merging all constraints in R into a single constraint) using equations of
(13), (14) and (16). However, the formal proof has been evading us at this moment.

Also note that, D-IPFP is a trade-off between accuracy and computing cost. Because
D-IPFP introduces additional constraints @, ,(s’) for each R (y/)in R, the converging
distribution from D-IPFP, although satisfying all constraints, would have higher I-
divergence to the JPD of the original BN than that of E-IPFP.

D-IPFP can be easily modified, analogous to Step 2.2 of E-IPFP-SMOOTH, to deal
with inconsistent constraints.

6.2. Experiments

To empirically validate the algorithms and to get a sense of how expensive this approach
may be, we have conducted experiments of limited scope with an artificially composed
BN of 15 discrete variables. The network structure is given in Figure 6 below. For a
hypothetical constraint on Y = {F, L, M}, we have S={E, B, C}, Di={F, L, M, E, B, C,
AR D}, D={H K G, N, Q J},and D3 = {4, R, D}.

Three sets of 4, 8, and 16 constraints, respectively, are selected for the experiments.
These constraints are consistent with each other and with the network structure. The
number of variables in a constraint ranges from 1 to 3, the size of the subnet associated
with a constraint (| Y/ |+|S/|) ranges from 2 to 8. Therefore a saving in computational
time by D-IPFP would be in the order of 258 =7 #
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Figure 6: The network of 15 variables for the experiments comparing performance of E-IPFP and D-IPFP

Both E-IPFP and D-IPFP were run for each of the three sets of constraints. The
program is a brute force implementation of the two algorithms without any optimization.
The results are given in Table 1 below.

Table 1: Experiment Results

# of # Iterations Exec. Time I-divergence
Cons. | (E-IPFP|D-IPFP) (E-IPFP|D-IPFP) (E-IPFP|D-IPFP)
4 8 27 1264s 1.93s | 0.08113 | 0.27492
8 13 54 1752s 11.53s | 0.56442 | 0.72217
16 120 32 | 13821s 10.20s | 2.53847 | 3.33719

Each of the 6 experimental runs converged to a joint distribution that satisfies all
given constraints and is consistent with the network structure. As expected, D-IPFP is
significantly faster than E-IPFP with moderately larger I-divergences. The rate of
speedup is roughly in the theoretically estimated range ("' ), the performance variation
among the three sets of constraints is primarily due to the number of iterations each run
takes.

7. Conclusions

In this paper, we developed algorithm E-IPFP that adopts IPFP for the purpose of
revising a probabilistic knowledge base represented as a BN by a set of low dimensional
probabilistic constraints. The revision is done by only modifying the conditional
probability tables of the BN while leaving the network structure intact. E-IPFP is
extended to E-IPFP-SMOOTH to deal with the situation when the constraints are
inconsistent with each other or with the BN structure. We have also showed that a
significant saving in computational cost can be achieved by decomposing the global E-
IPFP into local ones with much smaller scale, as described in algorithm D-IPFP.
Convergence of these algorithms is also analyzed. Computer experiments of limited
scope were conducted to validate the analysis results.
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Several pieces of existing work are particularly relevant to this work, besides those
related to the development of the original IPFP and proofs of its convergence that were
cited earlier. Vomlel studied in detail how IPFP can be used for probabilistic knowledge
integration [18]. However, this works applies IPFP to update JPDs, not to JPDs
represented as BNs. Several works have extended IPFP to BN, including Valtorta et a/
[17, 8] and our earlier works [11, 14]. In these works, IPFP is used to support belief
update in BN by a set of soft evidences that are observed simultaneously. Those soft
evidences are in the form of low dimensional distributions and are taken as constraints by
IPFP style computing. However, these works were not concerned themselves with
revising the BN itself. In other words, the methods developed in those works are BN
inference methods, not methods for knowledge integration and revision.

The issue of inconsistent constraints has been studied by others. It has been reported
by others [18, 19] and observed by us that when constraints are inconsistent, IPFP will
not converge but oscillate. Vomlel [19] developed an algorithm, named GEMA, to deal
with inconsistent constraints when using IPFP to modify a JPD. We have developed
algorithm SMOOTH [21, 14] for the belief update in BN by inconsistent constraints.
Algorithm E-IPFP-SMOOTH incorporates SMOOTH into E-IPFP for modifying CPTs of
a BN.

We are continuing our investigation of knowledge integration for inconsistent
constraints. When constraints are inconsistent with each other, some error or noise must
exist in some of these constraints, or the meanings/semantics of some variables take
different interpretations in different constraints. It is desirable to take into consideration
of the degree of trust or semantic difference one has on each of these constraints during
the integration. This can be easily accomplished by allowing different smoothing factor !
for each constraint, with larger ! for those believed to have higher fidelity or closer
semantics. Smoothing factors may also be used to deal with another form of
inconsistency where the JPD of the revised BN is too far away from the original BN.

Structural inconsistency is a more difficult matter. When constraints from highly
trusted sources exhibit significant inconsistency with the given BN structure, it is an
indication that the given BN structure is no longer an accurate model of the domain. In
such a situation, it is more desirable to modify the BN structure than changing the
constraints as E-IPFP-SMOOTH does. The modification of BN structure may involve
adding/removing arcs and/or nodes in the original BN. We are actively exploring the idea
of adding nodes for “hidden variable”, whose effects on other variables were not
considered when the original BN was constructed but whose presence might account for
the difference or inconsistency between the constraints and the given BN structure.

Efficiency of our approach also requires additional investigation. As shown in our
experiments, IPFP based methods are in general very expensive. The convergence time
of E-IPFP in our experiments with a small BN (15 nodes) and moderate number of
constraints is in the order of hours. Even the performance of D-IPFP can be bad if some
constraints involve larger number of variables. Complexity can be further reduced if we
can divide a large constraint into smaller ones by exploring interdependence between the
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variables in the constraint (possibly based on the network structure). Vomlel [18] has also
studied the behavior of IPFP with input set generated by decomposable generating class.
If such input set can be properly ordered, IPFP may converge in a small number of
cycles. This kind of input set roughly corresponds to ordering constraints for a BN in
such a way that the constraint involving ancestors are applied before those involving
descendants, if such order can be determined. Several related works may also be of
interest to readers who are concerned with the complexity of IPFP and that of its
applications to BN, these include the method proposed for space efficient implementation
of IPFP [5], methods for decomposing a large BN into small BNs [9, 20], and methods
for effective approximation of IPFP with BN junction trees [8, 10, 16].
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Appendix

Proof of Theorem 1.

By induction on !! !, the number of variables in the given G.
Base case: !! E", a BN with a single variable xi, with constraint | = #. It is trivial
that | %. $t ' # #" .#. Substituting these into (7)
1A S" #1# $%% "H $$ ## # $%%, 8 B # #
where the last inequality comes from the fact that I-divergence is always non-negative.
Inductive assumption: | #, $. $%%%$ for any! 1 1.

Inductive proof: show that! ' % "% "%&&8. Without loss of generality, let 1, be a
root node of the BN. For clarity, let" =#, $. $9%%. By (7) and (2),

I %, !#=&#" 1% # :&—?l—#% Lt "#_&_é))/o_
' ' "l # i # &
*********-*# | | % # ) g; # & * * * * %
L# 00' # &

I "1, # &an been seen to be a sum of two parts:
"8 1% &

1ob 1$=&"" ) 1% $

. . Yo g 1% ' &
19

et | Mﬁ()* L] —%_°$-/ -+
e ! Y & s ONMEAE

Let these two parts be called! | §. % &'0*, ' ¥ %Now we show that both 1 and |
are nonnegative.
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First, note that since xo is a root note, its CPT (i.e., its marginal) will not be changed
when O is generated from Q1 by applying the structure constraint, so Q2(xo0) = Q1(xo).
Substituting O2(x0) by Q1(xo0) we have

$$S 1% # &
"o &
SH "W # &PF——
AR
"o &
=HH % # &
HH RS
=H".% &()*T& %, Y% &+t "% && $SSSIHIBBIIRRRY
i . "~ % P70 &y
Now consider!
Case 1. ! !"" Let "=t # } , ‘then 1™#3# "$ . Since

| %S %" LI . # and

I # % %& ' # H " &
H " : " # " : :
$.#, % &, ", Hﬂ—&#!s (y%& SR A

and ! %. $# "# (because !, is anI-Projectionof ! , to !,. , ¢, we have
L # 8%
$.# # — -
W kG H#H S Ho5%

Note that, for any arbitrary particular state!! of variable! , #.# $. %#..#." # ¢
is a BN of x, where

BOH, S Ro=H# & #( NV*+-I/¢ 0
&é 3,6 R ¢ 11111111121111111K

" I#l $|
TUTR#, 8, & /4,567")58

Therefore, 1.$ "% is an I-Projection of !.#"$. to g _ from which CPTs of
I.$ "% are extracted. Then by inductive assumption

#" ! & '(}7:’:*"%! 4 ::!! % &

! #%! &
and
v '
Lo IS H ) % $ P
' vs %! &
" " e &
=H"WH LB & QW B e RS s s s e ]
! ! 1 700 ¢
Case2. !, | " . By definition of ! ,, we have

p B s St

# 78
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Since ! " $+ #" 3;7<

458 % S8 ;#;" g’;,;z‘ A5 ﬁ—'g%%‘f (A6)
where §'$ & $ 8 $$#%
Now show that 1 ' #is a PD of y. Let 1 1=1 ™ , then
$.3, & Y S #$ﬁ@4""$ | # $ﬁ#£$ LSS #%
5.9 0% .\ S, #9 O, |
So §' $ & - |$$¢% | #" ! isaPD.

Therefore, for any given!., by (A6), ! .$ "% is an I-Projection of | .# "$, to! .
Then by inductive assumption and analogous to (AS5), we have '

LAY &
L% 1$="#" ) % $ {-)7# Ly .#a',; v % &

A %! & . % & (A7)

Combining (A2), (A3), (A5) and (A7), | "1, # '$ |

Proof of Theorem 2.

We prove the theorem by showing that the inequality (11) holds. By (3) and (10),

#®) = #@)#—# &) "()+(1C')#2() #.6) @ /ryp,r)  (AY

1§ %% is thus a functlon of !, denoted, ! (). When! =0, !.$ % ' $and
frg=";when! =1,1 "% $ " #and |#$%" ## #&& which is greater than 0
if 1™ #i# " 1. By (A8), the derivative of !1/"

ST 6 BER B %%

=$"95. 8 % & $ % s o K SP §%

$,3 %
3% H $% $%
$,3 %

+$98.5 % (5% sl B SR

/$.9% H $P $%

=$%.5 96,0 $ %0

=$%.5 %0 $ %3 9; f‘(’y% B 55 m,m %
3 4
_ 19,3 % W $P S %
= | 0, 00$*" _C
$. 6 96,1 $ %%) 53 % P ———EN X

where the last equality comes from " " # & | % $" 1, #"9 . FH1$=0%
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Note that each entry in the summary of (A9) is strictly positive because

ifr S #3%RIO% +H#B"#H1 $ #$ and
ifr s #S%NO0% +H#BH! S .#S

This means that when ! increases from 0 toward 1, '$ | %% strictly increases from 0
toward !#  $$ , and thus !$. %%k"& " $, for any 11 s < .The only time this
derivative equals zero is when ! , 2 , This proves (11).

Also note that the above is true for all pairs # ,,,'$,, ¢during the successive
iterations, so ", , ! ", #3%R¥ Since Qo are consistent with Gs, the algorithm
converges to a single JPD consistent with Gs.
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